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MORGAN-STONE LATTICES

ALEXEJ P. PYNKO

ABSTRACT. Morgan-Stone (MS) lattices are axiomatized by the constant-free
identities of those axiomatizing Morgan-Stone (MS) algebras. Applying the
technique of characteristic functions of prime filters as homomorphisms from
lattices onto the two-element chain one and their products, we prove that the
variety of MS lattices is the abstract hereditary multiplicative class generated
by a six-element one with an equational disjunctive system expanding the
direct product of the three- and two-element chain distributive lattices, in
which case subdirectly-irreducible MS lattices are exactly isomorphic copies
of non-one-element subalgebras of the six-element generating MS lattice, and
so we get a sixteen-element non-chain distributive lattice of varieties of MS
lattices subsuming the four-/three-element chain one of “De Morgan” /Stone
lattices/algebras (viz., constant-free versions of De Morgan algebras)/(more
precisely, their term-wise definitionally equivalent constant-free versions, called
Stone lattices). Among other things, we provide an REDPC scheme for MS
lattices. Laying a special emphasis onto the [quasi-]equational join (viz., the
[quasi-]variety generated by the union) of De Morgan and Stone laattices, we
find a fifteen-element non-chain distributive lattice of its sub-quasi-varieties
subsuming the eight-element one of those of the variety of De Morgan lattices
found earlier, each of the rest being the quasi-equational join of its intersection
with the variety of De Morgan lattices and the variety of Stone lattices.

1. INTRODUCTION

The notion of De Morgan lattice, being originally due to [11], has been indepen-
dently explored in [7] under the term distributive i-lattice w.r.t. their subdirectly-
irreducibles and the lattice of varieties. They satisfy so-called De Morgan identities.
On the other hand, these are equally satisfied in Stone algebras (cf., e.g., [5]). This
has inevitably raised the issue of unifying such varieties. Perhaps, a first way of
doing it within the framework of De Morgan algebras (viz., bounded De Morgan
lattices; cf., e.g., [1]) has been due to [2] (cf. [17]) under the term Morgan-Stone
(MS) algebra providing a description of their subdirectly-irreducibles, among which
there are those being neither De Morgan nor Stone algebras. Here, we study un-
bounded MS algebras naturally called Morgan-Stone (MS) lattices. Demonstrating
the usefulness of the technique of the characteristic functions of prime filters and
functional products of former ones as well as disjunctive systems, we briefly dis-
cuss the issues of subdirectly-irreducible Morgan-Stone lattices and their varieties.
Likewise, summarizing construction of REDPC schemes (cf. [4]) for distributive
lattice][ expansions originally being due to [6] [and [8, 15]], we provide that for
Morgan-Stone lattices and an enhanced one for the {quasi-}equational join of De
Morgan and Stone lattices. Nevertheless, the main purpose of this study is to find
the lattice of sub-quasi-varieties of the latter upon the basis of that of the variety
of De Morgan lattices found in [12].

The rest of the work is as follows. Section 2 is a concise summary of basic set-
theoretical and algebraic issues underlying the work. Then, in Section 3 we briefly
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summarize general issues concerning REDPC in the sense of [4] as well as equational
implicative/disjunctive systems in the sense of [14]/[13] in connection with simplic-
ity /“subdirect irreducibility”. Next, Section 4 is devoted to preliminary study of
Morgan-Stone lattices. Further, Section 5 is a thorough collection of culminating
results on sub-quasi-varieties of the [quasi-Jequational join of De Morgan and Stone
lattices. Finally, Section 6 is a concise collection of open issues.

2. GENERAL BACKGROUND

2.1. Set-theoretical background. Non-negative integers are identified with the
sets/ordinals of lesser ones, “their set/ordinal”|“the ordinal class” being denoted
by w|oo. Unless any confusion is possible, one-element sets are identified with their
elements.

For any sets A, Band D aswellas§ C A% and g : A2 — A, let p1x)((B,)A) be the
set of all subsets of A (including B) [of cardinality in K C oo}, ((Aa|ve)||(A/0)]x5)
2 ({{a,alol{a})) | a € AHpalAJI(((A N B) x {1}) U ((A\ B) x {0}))), A"+ 2

Unmerony A™) and g = AT — A ([{a,b),]c) = [g]([9+({a,b)),]c), A-tuples
{viz., functions with domain A} being written in the sequence form ¢ with ¢,,
where a € A, standing for 7, (#). Then, for any (a|C) € (A*|p(A)), by induction
on the length (viz., domain) of any b = ([¢,d]) € A*, put ((a * b)|(b(N/\)C)) =

([Qalse DDIN\)C D)) [[(provided d € / & C)]. Likewise, given any S €
TP and f € [T,ep S8 let (1) : A— (ITyep Sb)sa — (fo(a))sep, in which case

(2.1) kee(J/) = (@20 ([ Gker fo))),

beB

(2:2) weB:fy = (J[Hom)

fo x f1 standing for (I] f), whenever B = 2.

A lower/upper cone of a poset P = (P,<) is any C C P such that, for all
acCandbeP,(a2/<b)= (beC) Then, ana € S C P is said to be
minimal/mazimal in S, if {a} is a lower/upper cone of S, their set being denoted
by (min / max)qp<(S).

An X € Y C p(A) is said to be [K-Jmeet-irreducible in Y, [where K C oo,
if VZ € pi(Y) : (AN(NZ)) = X) = (X € Z), their set being denoted by
MIET (v,

2.2. Algebraic background. Unless otherwise specified, we deal with a fixed but
arbitrary finitary functional signature X, 3-algebras/ “their carriers” being denoted
by same capital Fraktur/Italic letters (with same indices, if any) “with denoting
their class by Ay” /. Given any o € (00\1), let Tm$, be the carrier of the absolutely-
free $-algebra Tm$,, freely-generated by the set Vi, = {25} geq of (first a) variables,
and Bqg £ (Tm2)%, ¢ ~ /[S | R}, where ¢, € Tmg /fand Ty, £ {A, v} C 5
meaning (¢[V| A ¢],9) “and being called a X-equation of rank «” /. /[Likewise, for
any Y-algebra 2 and a,b € A, a(< | >)*b stands for a = (a(A|V)?b).] Then, any
(I, @) € (Pocyauw)) (Eqs) x Eqsy) /“with a € w” is called a X-implication/-[quasi-
Jidentity of rank «, written as ' — ® /[and identified with ®] as well as treated as
the universal infinitary /first-order /[positive| strict Horn sentence Vgeazg((AT) —
D).

Subclasses of Ay, “closed under I|S|P[U]” / “containing each X-algebra with fini-
tely-generated subalgebras in them” are referred to as “abstract|hereditary|[ultra-
[multiplicative” /local (cf. [10]). Then, a skeleton {of a(n abstract) K C Ag} is
any S C Ay, without pair-wise distinct isomorphic members {such that S C K C IS
(i.e., K=1S)}. Given a K C Ax > 2, set hom(2, K) £ (|J{hom(2,B) | B € K}
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and Cok(2) = {6 € Co(A) | (A/0) € K}, in which case, by the Homomorphism
Theorem, we have

(2.3) ker[hom (2, K)] = Corsk (1),
and so, since, for any set I, any B € AL and any f € (IL;e; hom(2L,B;)):

(2.4) (T /) € hom(2, [ [ B,

el
by (2.1) and (2.2) with I £ Coygk(2) for B, B = (B/i);cr and f = (v;)ier, we get:
(2.5) (A € ISPK(=TP IS . ,K)) & (4N () ker[hom(2, K)])) = A).

According to [16], pre-varieties are abstract hereditary multiplicative subclasses
of Ay, (these are exactly model classes of theories constituted by X-implications
of unlimited rank, and so are also called implicative/implicational; cf., e.g., [3]),
ISPK being the least one including and so called generated by a K C Ay. Likewise,
[quasi-Jvarieties are [ultra-multiplicative] pre-varieties closed under HU[2 I] (these
are exactly model classes of sets of ¥-[quasi-]identities of unlimited finite rank, and
so are also called [quasi-Jequational; cf., e.g., [10]), HISP[PY]K being the least one
including and so called generated by a K C Ay. Then, intersections of a K C Ay
with [quasi-]varieties are called its relative sub-[quasi-Jvarieties, in which case, for

any J C Tms,
(2.6) (IP5P(K) N Mod (7)) = IPSP (K N Mod(J)),

and s0 S — (SN K) and R — IPSPR are inverse to one another isomorphisms
between the lattices of relative sub-varieties of IPSPK and those of K.

Recall that an 2 € Ay is called simple/[finitely-/subdirectly-irreducible, if Ay €
(maxc / MI®)(Co(2) \ ({A2}/@)), in which case |A| # 1, the class of {those of}
them {which are in a(n equational) K C Ay} being denoted by (Si/SI®){(K)}
{and so, by (2.3) and (2.5),

(2.7) SI(ISPK) C IS, K
(K being said to be semi-simple, if SI(K) C | = Si(K))}.

3. PRELIMINARIES

AU C Eq‘é is called an implication scheme for a K C Ay, if this satisfies the
Y.-implication:

(3.1) ({zxo = 21} UD) — (22 = x3).

Likewise, it is called an identity|reflexive|symmetric|transitive one, if K satisfies
the X-implications of the form (&|&|0|(U U (U[zeyi/xs4i]ic2))) — ¥, where ¥ €
(O([zs/x2]|[royi/Tilic2|[rs/x2, x2/x3]|[x3/24])), reflexive symmetric transitive ones
being also called equivalence ones. Then, U is called a congruence one, if it
is an equivalence one, while, for each ¢ € ¥ of arity n € (w\ 1), K satisfies
the Y-implications of the form (U;c, (Olr2+i/T21it2j)lic2)) — ¥, where ¥ €
(O[z24i/s({Toyit(25))jen)]ic2).] Finally, U [being finite] is called an REDPC/ “(eq-
uational) implicative|disjunctive scheme/system for a K C Ag, if, for each 2 € K
and all @ € A%, (V0 € (Co()/{A4}) : ({ag,a1) € | € 0) = ({az,a3) € 0)) & (A =
(ANO)[zi/ailier [cf. [4]/[14]][13]] /“and so for IS[PV]K” /“{pre-varieties generated
by classes of} ¥-algebras with implicative system U being called U-implicative with
the class of (non-one-element) U-implicative members of a C C Ay denoted by
Cl(j>1> {in which case, providing an U-implicative pre-variety is quasi-equational,
by the Compacteness Theorem for ultra-multiplicative classes (cf., e.g., [10]), it is
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U'-implicative, for some U’ € p,,(U), and so the notion of implicative quasi-variety
adopted here is equivalent to that adopted in [14]}”].

3.1. Implicativity versus REDPC and [semi-]|simplicity.

Lemma 3.1. Let U C Eq42 be an implication scheme for a variety V C As,, A €V,
a,b e A% and 0 = 0 (a). Suppose A = (A\U)[x;/a;, v21i/bilica. Then, b € 6.

Proof. As (3.1) is true in V 3 (A/0) = (A O)[zi/ve(ai), v24i/ve(bi)]ic2, while a €
0 = (kervy), we get b € 0. O

Corollary 3.2. Let U C Eqé be an implication/REDPC scheme for a wvariety
V C Ax. Then, V' C /= Si(V).

Proof. Consider any 2 € V3! and 9 € (Co(2) \ {A4}), in which case there is some
ac (19\AA) 75 &, and so, for any be AQ, A ): (/\ U)[xi/ai,$2+i/bi]i€2. Then, “by
Lemma 3.17/ b € 6*(a) C 9, in which case ¥ = A%, and so 2 is simple. Conversely,
for any A € Si(V), Co(2) = {A 4, A%}, in which case, for all @ € A%, as (ag, a3) € A2,
we have (V0 € Co(2) : (ap 0 a1) = (a2 0 a3)) < ((ao = a1) = (a2 = a3)), and so A
is U-implicative, whenever U is an REDPC scheme for V 3 2. (]

Theorem 3.3. Any U C Eq% is an identity congruence implication scheme for afn
equational] K C Ay if[f] it is an REDPC one.

Proof. The “if” part is immediate. [Conversely, if U is an identity congruence
implication scheme for K, then, by induction on construction of any ¢ € Tm$, we
conclude that K satisfies the X-identities in Olxa1,/(p[ro/2:])]ic2, in which case, by
Mal’cev Lemma [9] (cf. [4, Lemma 2.1]), for any A € A, @ € A% and b € 6%(a), we
have 2 = (A U)[zi/a;, T2+i/bilic2, and so Lemma 3.1 completes the argument]. O

Next, by Birkgoft’s Theorem and (2.7), we immediately have:

Lemma 3.4. Let U C Eq%. Then, any variety V C Ax, is O-implicative iff U is
an implicative system for SI(V).

Likewise, as A4 is a congruence of any Y-algebra 2L, by the reflexivity of impli-
cation, we equally have:

Lemma 3.5. Any implicative system U C Eqé for any K C Ax, is an identity
congruence implication scheme for K.

These lemmas, by Corollary 3.2, Theorem 3.3 and Birkgoff’s one, immediately
yield:

Corollary 3.6. Let U C Eqs,. Then, any variety V C Ay, is G-implicative iff it is
semi-simple with REDPC' scheme U, in which case (SI|Si)(V) = V3!,

3.1.1. Generic identity equivalence implication schemes for distributive lattice ex-
pansions. Here, it is supposed that ¥, C ¥. Given any A € Ag, X C A and
Q C Tmg,, we have Q% : A — p(Q),a — {p € Q| p*(a) € X}.

Given any ¢ € (Tmg)* with 2o € 2 2 (img@), ¢+ € Q € p(V4,Z), i € 2 and
A€ p(E) let egn = (A{(ENA) = (BN A) o [z0/71]), tlr214))) S (V4{(P\A)
(¢ \ A) o [xo/x1]),t(z3-4))) € Eqs, and UF & {egali€2,0€ QA €pE)} €
@w(EQ%)'

Lemma 3.7. Let A be a X-algebra with (distributive) lattice Yy -reduct, ¢ €
(Tmyg)* with 9 € E 2 (img@) and Q € p(Vi,Z). Then, UF is an identity re-
flexive symmetric (transitive implication) scheme for 2.
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Proof. Clearly, for all j € 2, 1 € E and A € p(Z), there are some ¢,1),§ € Tm?,
such that (e2'A[z3/22]) = (¢ A €) £ (¥ VE)), in which case this is satisfied in
lattice Y-expansions, and so in 2(. Likewise, there are then some 7, ¢ € (Tm%)‘*‘
with ((img7) N (img{)) # @ such that (5 [rosi/ailica) = (A7) £ (V4Q),
in which case this is satisfied in lattice ¥-expansions, and so in 2. Furthermore,
(B o /23, x3/20]) = US. (Next, since the X -quasi-identity {(zo A z1) 5 (22 V
x3), (o Ax3) S (x2Vaa)} — (o Ax1) S (2 V 24)), being satisfied in distributive
latices, is so in 2, so are logical consequences of its substitutional Y-instances
(B4 U (B lr21i/r31ilic2)) — ¥, where ¥ € (U§[x3/x4]). Finally, consider any
a € Aand b € (A2\ A,), in which case, by the Prime Ideal Theorem, there
are some k € 2 and some prime filter F' of 2 sud_l that by, € F ¥ by, and
so, as A £ Z%(a) € p(E) and zg € Q, A (AVE)[wi/a, xari/bilica, for A B

52’,’2’ [zi/a, T21i/bilie2-) i

This, by Corollary 3.2, immediately yields:

Corollary 3.8. Let 2 be a non-one-element X-algebra with distributive lattice 3 -
reduct, ¢ € (Tms,)* with xo € E £ (img @) and Q € p(Vi,Z). Suppose UF is an
implicative system for A. Then, A is simple.

3.1.1.1. Equality determinants versus implicativity. Recall that a (logical) X-matriz
is any pair A = (A, D) with a ¥-algebra 2 and a D C A, in which case an Q C Tmy,
is called an equality/identity determinant for A, if Q% is injective (cf. [13]), and so
one for a class M of Y-matrices, if it is so for each member of M.

Theorem 3.9. Let M be a class of S-matrices and ¢ € (Tmy)* with 29 € E £

(img @). Suppose, for all A € M, 7o(A)IX4 is a distributive lattice with set of its
prime filters m[M N 7o '{mo(A)}]]. Then, Z is an equality determinant for M iff
Gy, is an implicative system for (IS;sy{PY})mo[M] (fin which case its members
are simple]).

Proof. Let A= (A, D) € M, a € A% and, for any b € A2, hy £ [;/a;, vo1i/bi)ica-
First, assume = is an equality determinant for M. Consider any b € A%. Assume
A B Eé’z][hg], for some j € 2 and A C E, in which case, by the Prime Ideal
Theorem, 3B = (A, D') € M : Vk € 2: A = =Z%,(ax), and so ap = a;. Then, by

Lemma 3.7 with Q = =, U‘“‘}l is an implicative system for 2I. Conversely, assume
U%r is an implicative system for A and A £ E%(ag) = =% (a1). Take any b €
(D x (A\ D)) # @, in which case, as A C E 3 xg, A B 5?5’20 [hg], for D is a prime

filter of A, and so ap = a1. (Finally, Corollary 3.8 completes the argument.) O

3.2. Disjunctivity.

3.2.1. Disjunctivity versus finite subdirect irreducibility.

Lemma 3.10. Any [finite] non-one-element A € Ax with a disjunctive system
U C Eq% is finitely subdirectly-irreducible [and so subdirectly-irreducible].

Proof. Consider any 6,9 € (Co(A)\{A4}) and take any (a|b) € ((0]9)\{A4}) # 2,
in which case the ¥-identities in U[z;3/2¢2], being true in 2, are so in 2/(6]9) (in
particular, under [zg|2/vgj9((alb)o), T (20)+i/Vejs ((bla)i)]ic2), and so Ay 2 {(#*[z;/
iy Tori/bilica, O [wi/ai, xoyri/bilico) | (¢ =) € U} C (#ND). Then, (NV) # Aa.
Thus, induction on the cardinality of finite subsets of Co(2() ends the proof. O
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3.2.2. Disjunctivity versus distributivity of lattices of sub-varieties.

Lemma 3.11. Let K be a class of X-algebras with a disjunctive system U C Eq‘é
as well as R and S are relative sub-varieties of K. Then, so is RN|JUS. In
particular, relative sub-varieties of K form a distributive lattice.

Proof. Take any J,d C Tms: with (R|S) = (KNMod(J|d)), in which case (RN [|US)

= (KN Mod((TU P ULB[zi/ ¢i, mavithilica | (9l9) € (O1)[x;/2.5)+0m]iew)}),

and so the distributivity of unions with intersections completes the argument. [
This, by (2.7), (2.6) and Lemma 3.10, immediately yields:

Corollary 3.12. Let K be a [finite] class of finite Y-algebras with a disjunctive
system U C Eq‘é and P the pre-variety generated by K. Suppose P is a variety.
Then, SI(P) = IS-1K, in which case S — (SNS¢~1}K) and R — IPSPR are inverse
to one another isomorphisms between the lattices of sub-varieties of P and relative
ones of S;>13K, and so they are distributive [and finite].

Likewise, by (2.7), (2.6), Corollary 3.6 (as well as [14, Remark 2.4] and Lemma
3.11), we immediately have:

Corollary 3.13. Let K be a [finite] class of [finite] 3-algebras with a (finite) im-
plicative system U C Eq42 and P the pre-variety generated by K. Suppose P is a
variety. Then, (SI|Si)(P) = P3' = IS51K, in which case S — (SN S>11K) and
R — IPSPR are inverse to one another isomorphisms between, the [finite] (distribu-
tive) lattices of sub-varieties of P and relative ones of Sy=13K.

4. MORGAN-STONE LATTICES VERSUS DISTRIBUTIVE ONES

From now on, we deal with the signatures EL_] £ (24 [u{=}]), distributive lat-

tices being supposed to be ¥ -algebras with their variety denoted by DL and the
chain distributive lattice with carrier n € (w\ 2) and the natural ordering on this
denoted by D,,, in which case €} £ {(0,0),(1,n — 1)} is an embedding of D, into

D,,, while, for each i € 2, €, £ (Xg\(Q_i) X Xg\(l'm) is an embedding of ®3 into

D2, First, taking the Prime Ideal Theorem, (2.5), (2.7), Corollary 3.7 into account,
we immediately have the following well-known fact (cf. [6] as to REDPC for DL):

Lemma 4.1. Let A€ DL and F C A. Suppose F is either a prime filter of 2 or
in {@,A}. Then, h = x € hom(,D3), in which case DL = IPSP®,, and so DL
is the semi-simple [pre-/quasi-Jvariety generated by Do with (Si|SI)(DL) = IDs
and REDPC scheme U&,af).

A (De-)Morgan-Stone lattice is any X -algebra, whose 3 -reduct is a distribu-
tive lattice and which satisfies the ¥ -identities:
(4.1) —(xo A1) = (—xoV 21),
(42) Zo é Xy,
in which case, by (4.1), it satisfies the ¥} -quasi-identity:
(4.3) (w0 S #1) = (m21 £ ~20),
and so the ¥ -identities:
(44) ﬁ(xo \Y 1‘1) ~ (ﬁxo A\ ﬁ.’L‘l),
(45) —\—|—|x0 ~ _'an

their variety being denoted by (D)MSL. An a € A is called {a} [negatively-
Jidempotent {element of an A € MSL}, if {[=*]a} forms a subalgebra of 2, i.e.,
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(1,1,1)

0,1,1)
(1,1,0)

(0,1,0) (0,0,1)

(0,0,0)

F1GURE 1. The Morgan-Stone lattice 9MSg.

—*[="]a = [+*]a, with their set denoted by Sf!;, Morgan-Stone lattices with car-
rier of cardinality no less than 2[(—1)] and with[(out non-)negatively-]idempotent
elements being said to be [(totally) negatively-Jidempotent.

Let MSg be the X -algebra with (MSsT;) = ((D31(22\ {(1,0)})) x D2) and
-MGsg £ (1 —ay, 1 —ag, 1 —ay), for all @ € M S (the Hasse diagram of its lattice
reduct with its [non-Jidempotent elements marked by [non-Jsolid circles and arrows
reflecting action of its operation — on its non-idempotent elements is depicted at
Figure 1), in which case it is routine to check to be a Morgan-Stone lattice, and so
are both MS5 £ (MSe[(MSs \ {(0,0,1)}) and MS, £ (MS5[{(i,1,0) | i € 2})
as well as, for each j € 2, MSy.; = (MG [(MSs45\ (((F+1) x {1}) x {1 —3})).

Likewise, let (DM|&),; be the X7 -algebra with ((DM[S), ;X)) 29 }3 and

SO & ((((7112) 0 (22\ Ag)) x ((70]2) 0 (22 \ A3)))|x4), in which case 64};;
((((m0122) x (m012)) x (m1122))|(cho x Xx3'")) is an embedding of (DM|S),, into
(93?6|93?6)6|5 Finally, for any n € ({3,4}[{2}), let (8]8),, be the ¥ -algebra with

((R]8),,127) £ D,, and =& £ {(m,n — 1 —m) | m € n}, in which case 63”4 is
an embeddlng of By into Ks|4, while, for every [ € 2, €3, is an embedding of &3 into
DMy, and so eg:l o€§ is that into IMS . (1—1). Moreover, {M Sg, M S5, M Ss, img(e3 o
)} U (U{{M Sysi,img(e5., 0 €§)} | k € 2}) are exactly the carriers of members
of S51MGg, in which case these are isomorphic to those of the skeleton MS £
({Mm&, | £ € {6,5,2}} U{MGk | k € 2} U{DMy, Rz, S3,B2}), and so this is that
of IS 19MG&¢ with the embeddability partial ordering < between members of MS
depicted at Figure 2. And what is more, Dg £ (MSg N7y '[{1}]) is a prime filter
of MSe Y., while Q £ {xg, -0, ~—x0} is an equality determinant for (MSg, D),
in which case, by [13, Lemma 11], Ug £ {(7(x,) A p(w2+,)) S (T(z1-,) V p(a3—,)) |
1,7 € 2,7, p € Q} is a disjunctive system for 9MSg, and so, for ISPMSg. Likewise,
elements of PF, = {22 N7, [{1}] | o € 2} are exactly all prime filters of D2,
while = £ {z9, w0} is an equality determinant for M £ ({2} x PF,), in which
case, by Theorem 3.9, U@O’wO) is an implicative system for IS5 1)@y [and so its
members are simple]. On 'the other hand, by (4.1), (4.4), (4.5), Corollaries 3.2, 3.7

and Theorem 3.3, U<z°’w°’ﬁw°> is an REDPC scheme for MSL D MS, in which case

(z0,m20,~T0)

any simple member 2 of it is Ug -implicative, and so all those members

of MS, which are embeddable into 2, being Ugo’ﬁwo’ﬁww—implica‘cive as well, are
simple. And what is more,

(4.6) Xg\l (eg o) € hom(G3, Bs),
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MS¢

DM, MSy:1

A3

S3

B

FIGURE 2. The poset (MS, <).

in which case (ker x3 Y € (Co(63) \ {A3,32}), and so S is not simple. In this
way, (non-)simple members of MS are properly depicted by (non-)solid circles at
Figure 2.

Theorem 4.2. For any prime filter F' of the X -reduct of any A € MSL there is an
h € hom (A, MS¢) with (kerh) C (ker xk), in which case MSL is the [pre-/quasi-
Jvariety generated by MS¢s with REDPC' scheme Uggo’w“’ﬂﬁmo), and so SI(MSL) =
IMS.

Proof. Tet f 2\, G 2 (<) (=) [F]], H 2
xG) x xf), in which case, by (2.1) and (4.5), (ke (((ker £) N (ker x§)) N
(ker xi)) = (kerh) C (=% o h), while, by (4.1) and (4.4), G|H is either a prime
filter of A3 or in {@&, A}, whereas, by (4.2), F C G, and so, by (2.2), mp(h(a)) <
m1(h(a)), for all @ € A. Then, by (2.4), Lemma 4.1 and the Homomorphism
Theorem, h is a surjective homomorphism from 2 onto the ¥ -algebra B with
(BILy) = (D3[h[A]) as well as =T 2 (h~1 o =% o h), in which case B C M S,
since mo(h(a)) < w1 (h(a)), for all a € A, and so B = (MGSg[h[A]), as, for all a € A,
(-%a € G) & (-%a € F) < (a g H), in view of (4.5), as well as (=%a € H) &
(-*-%a ¢ F) & (a ¢ G). Hence, h € hom(2, MSg) and (ker h) C (ker f). Thus,
the Prime Ideal Theorem, (2.5) and Corollary 3.12 complete the argument. O

-1

(A )\( N [F]) and b 2 (f x

This, in particular, provides an REDPC scheme for Morgan-Stone algebras [2,
17], as expansion by constants alone preserves congruences, and so a uniform insight
into REDPC for Stone and De Morgan algebras, originally given by separate distinct
schemes in [8, 15].

Clearly, Morgan-Stone lattices, satisfying the ¥ -identity:

(4.7) ——ro = | 5 %o,

are nothing but De(-|| “ ”)Morgan lattices in the sence of [11], their variety being
denoted by DML. Likewise, Morgan-Stone lattices, satisfying the X -identity:

(48) (IO A _|.Z‘0) é Ty,

are exactly Stone lattices/algebras (cf., e.g., [5]), their variety being denoted by SL.
Then, members of BL £ (DMLNSL) are exactly Boolean lattices/algebras. Further,



MORGAN-STONE LATTICES 9

TNIMSL

OMSL

F1GURE 3. The lattice of varieties of Morgan-Stone lattices.

Morgan-Stone lattices, satisfying the former/latter of the following ¥} -identities:
(4.9) o Z (=20 A —xo),

(410) ) é (Io V (_\_|171 V _‘1‘1))7

“in which case they satisfy the X7 -quasi-identities:

(411) (—KL'O é 1‘0) — | — (—h%'() é —|—|$0)7

in view of (4.2)”/ are said to be quasi-/pseudo-strong, their variety being denoted
by (Q/P)SMSL. Then, members of SMSL = (QSMSL N PSMSL) > (DML USL) are
said to be strong. Furthermore, {(quasi-/pseudo-)strong [weakly]} Kleene{-Stone}
lattices are {(quasi-/pseudo-)strong} De-Morgan{-Stone} lattices satisfying the fol-
lowing ¥ -identity:

(4.12) (l‘o A —\.130) < (_‘1‘1 \Y [_\—\]1‘1),

~
~

their variety being denoted by {(Q/P)S[W]}K){S}L 2 (SLU{(Q/P)S}K{S}L), in
view of (4.2). Finally, the variety of totally negatively-idempotent Morgan-Stone
lattices, being relatively axiomatized by the X7 -identity:

(4.13) —To X X,

is denoted by TNIMSL. Likewise, the variety of one-element Morgan-Stone lattices,
being relatively axiomatized by the X7 -identity:

(4.14) To = T,
is denoted by OMSL.

Corollary 4.3. Sub-varieties of MSL form the non-chain distributive sizteen-
element lattice, whose Hasse diagram is depicted at Figure 3, any (non-)solid
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MSL MG}
PSMSL | {965, DMy}
QSMSL | (MG 41, D9}
WKSL | {M&5, MS 1}
KSL | {MGyy | i€ 2}
PSWKSL (NG5}
QSWIKSL | {M&4.1)
PSKSL (MG0}
SMSL {63, DMy}
DML (DM, ]
SIWIKSL {83, A3}
WKL (%7
SL {65}
BL {Ba}
TNIMSL {(MS,}
OMSL 1%}

TABLE 1. Maximal subdirectly-irreducibles of varieties of Morgan-
Stone lattices.

circle being marked by a (non-)semi-simple] ﬁltml\{Ug(;’[ﬁf;’g’;:f;?

variety V C MSL with MSy £ max<(MS NV) given by Table 1, in which case
SI(V) = IS-1MSy, and so V is the [pre-/quasi-|variety generated by MSy. In
particular, SMSL is the one generated by |SI|(DMLUSL).

Proof. Clearly, PSWKL > MMG&;5 = (4.12)[zo/(1,1,0),21/(0,1,1)], (MSL|DML) >
(MSIDM) g1, # [(4-12)]lz/ (1, 1, 0)(1,0)),21/({0,0, 1)[(0, 1))], M50 € PSKSL,
QSKSL > MSy4q fE (4.10)[z0/(0,1,1),21/(0,0,1)], SL > &3 = (4.7)[zo/1], KL >
R3 = (4.8)[;/(1 — 1)]ic2 and (BLITNIMSL) > (B|MS),, ~ (4.13]4.9)[x0/0]. Then,
Figure 2 confirms Table 1, in which case the intersections of MS with the sixteen
sub-varieties of MSL involved are exactly all lower cones of the poset (MS, <), and
so (2.5), (2.6), (2.7) and Theorem 4.2 complete the argument. O

) -}implicative

It is in this sense that SMSL is the implicational/[quasi-]equational join of DML
and SL. The lattice of its sub-quasi-varieties is found in the next Section.

5. QUASI-VARIETIES OF STRONG MORGAN-STONE LATTICES

Given any K C MSL, [N]IK stands for the class of [non-Jidempotent members of
K [in which case it is the relative sub-quasi-variety of K, relatively axiomatized by
the X7 -quasi-identity:
(5.1) (mxo = x0) — (zo =~ x1),
and so a quasi-variety, whenever K is so.

Lemma 5.1. Any (non-one-element finitely-generated) 2 € MSL is non-idem-
potent if(f) hom(2A,Bs) # &, in which case (SMSL\ NISMSL) C DML, and so
SMSL = (NISMSL U DML). In particular, NIMS = {S3, B, }.

Proof. The “if” part is by the fact that 85 has no idempotent element. (Conversely,
assume hom(2(,Bs) = &, in which case, by (4.6), hom (2, S3) = &, and so, for any
h € hom(A, MS), (imgh) ¢ (imge3), for, otherwise, we would have (h o (eg)_l) €
hom(2A,S3) = @. Take any a € A" such that 2 is generated by imga. Let
n £ (doma) € (w\ 1) and b = (=*=%a; V* =%a;)c,, in which case there is some
i € n such that h(a;) ¢ (imge3), and so h(b;) € {(m,m,1 —m) | m € 2}. Put [by
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induction on any k € n] ciprr = ((bopu)[V* =% cx])[A%cx]), in which case h(ciftx))
is in {(2,2,7) | (2,2) € (22 \ (0,0))}, for h(bg+x]) is so, and so, by induction on any
1€ ((n+1)\(i+1)) > n, we see that h(¢;) is in {(m,m,1—m) | m € 2}, for h(b;) is
so. Then, h(—=%¢,) = h(c,), in which case, by (2.5) and Theorem 4.2, =%¢,, = c,,,
and so 2, being non-one-element, is idempotent.) Finally, (2.5), (4.6) and Corollary
4.3 complete the argument. (|

This, by (2.5), Corollary 4.3, (2.1), (2.4) with I = 2 and the locality of quasi-
varieties, immediately yields:

Corollary 5.2. For any variety V C MSL {such that either (S|B)L C V}, NIV is
the pre-/quasi-variety generated by @{U{A x By | A € (MSy \ {[(&|B);,})} U
(MSy N {(&[B);3,1)}, in which case NIMSL is the one generated by {IMSe x B},
while NI(S)(DM[K)(S)L is the one generated by {(DM||R), 5 x B2(, &3)}, whereas
NI(TNI? O)MSL = OMSL, and so any (non-one-element) A € MSL is non-idempo-
tent if(f) hom(2A, Bs) # .

Likewise, Lemma 5.1 and [12, Proof of Lemma 4.9] immediately yield:
Corollary 5.3. R3 is embeddable into any member of SKSL\ NISKSL.

Corollary 5.4. NIMSL U TNIMSL is the sub-quasi-variety of NIMSL relatively az-
iomatized by the X7 -quasi-identity:

(5.2) (mzo ~ x0) — (0 & —1)
and is the pre-/quasi-variety generated by {MSg x Bo, MG, }.

Proof. Clearly, (5.2) = (5.1[z1/—21]) is true in both NIMSL and 9&,. Conversely,
any 2 € IMSL satisfying (5.2), has an idempotent element a, in which case, for
any b € A, as A = (5.2)[xg/a,z1/[-*]b], we have =*b = a[= —%=%b], and so
24 € TNIMSL. Then, Corollaries 4.3 and 5.2 complete the argument. O

Likewise, we have:

Corollary 5.5. For any variety V C MSL such that V & [W]KSL, the class NIVU
(VN [WIKSL) is the sub-quasi-variety of V relatively aziomatized by the ¥ -quasi-
identity:

(5.3) (mz0 = x0) — (20 S ([7]z1 V ~21))

and is the pre-/quasi-variety generated by MSyqmwiksL U {2 x Ba | A € (MSy \
{63,B2})}. In particular, NI{S}DM{S}L U {S}K{S}L is the sub-quasi-variety of
{S}DM{S}L relatively aziomatized by either of (5.3) and is the pre-/quasi-variety
generated by {DMy x By, R3{,S3}}.

Proof. Clearly, (5.3) is satisfied in NIV U (V N [W]KSL). Conversely, consider any
A € IV satisfying (5.3) and any a,b € A, in which case there is some ¢ € A such that
—%¢ = ¢, and so, as A(5.3)[zo/c, 1/(a|b)], we have ¢ <¥ (=% (a|b) V¥ [-%=¥](a|b)).
Then, by (4.2), (4.3) and (4.4) [as well as (4.5)], we get (a A* =%a) <* ¢, in which
case A € (VN [W]KSL), and so Corollaries 4.3 and 5.2 complete the argument. O

This, by Lemma 5.1 and [12, Case 8 of Proof of Theorem 4.8], immediately
yields:

Corollary 5.6. D9, is embeddable into any member of {S}DM{S}L not satisfying
(5.3).
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Members of {([Q|P]S)} W |K{S}L, satisfying the X7 -quasi-identity:
(5-4) {=z0 S w0, (x0 A —a1) 3 (mwo Van)} — (021 S [-]n),

are called [weakly-[regular, their quasi-variety being denoted by

WIR{([QIP]S)} [W]K{S}L
(= {1 2DHRUTQIPIS) HWIK{S} U (OMSL{{[[TNIMSLT)}))
in view of (4.11){([](4.2)])}].

Given any Morgan-Stone lattice (e [W]{(fQHFﬂ S)HW]K{S}L), by (4.1), (4.3)
and (4.4) (as well as [(4.2) and] (4.12)), (J|3") £{ae A|[-*Ma< | =
PRk a} 2 {b(/\|\/)m Ay | be A} # @, for A+ 2, is (an|a ideallfilter of A[¥ ) such
that — [(f]\&")[w]] (?\f})[w] (in which case Riy; = ((Fiy x {1}) U (9Fy; x {0})

(= 1)~ (o < ),
and so, by Corollary 4.3, the [weak] regularization Ryw)(2) = (A x ‘Bg)[ wi) of
2 is in [W]R{([Q|P]S)}[W]K{S}L. Then, (m|R®?) € hom(R(S3), S3) is bljectlve,
so, by Corollary 4.3, &3 € RSKSL. Likewise, (e3]|{(4, (x 4\3( )+ X4\1( )s xi\Q( |
i € 4}) € hom((B|R),)4, Ral|R(K3)) is injective||bijective, so, by Corollary 4.3,
(B[18) € RKL)

Lemma 5.7. [W]R{([QIP]S)}|W|K{SIL C (NI{([Q|P]S)}|W|K{S}L[UTNIMSL)).

Proof. Consider any A € [W]R{([Q|P]S)}|W]|K{S}L and any a,b € A such that
-%a = a, in which case, as 2 &= (4.1/|5.4)[zo/a, z1/((=*)b|(a A* (=*)b))] [and
A = (4.4)[xo/~%a,z1/(=*)=b)] (as well as A |= (4.2[14.5])[x0/b]), we have (b <*
=% < (T v A = AR () < AT A% (<)) =
(a A% [F-](-)) < [AF(-Np(= ), and so [by (43)] b <* b <

forms a subalgebra of 2 x B4 such that, for every d € §R W)

[A=2p[<? =¥, e, 2% = [=¥=¥]b. Then, since A | (4.12)[zo/(a|[-?]
b),z1/(bla)], we have [-%]b < a < [-¥]b, i.e., a = [=*]b, and so [by Corollary
5.4] A is [either] non-idempotent [or totally negatively-idempotent]. O

Corollary 5.8. 84 is embeddable into any A € (NIQSMSL \ SL) O (RQSKSL\
SL).

Proof. Then, there are some a,b € A such that ¢ £ (a A% ﬂma) £d=(b /\Ql ) <M,
in which case, applying (4.1) and (4.3) [twice], we have [-#—=%d <* =%-%]c <
—%¢ <* =%, and so, by (4.2) and (4.9), we get =*=%(c|d) = (c|d). In this way,
as ¢ # d, by (5.1), we have =%¢ # ¢, in which case we get =*d # —%¢, and so
{{0,d), (1,¢), (2,-%c), (3, ~*d)} is an embedding of £, into A. Finally, Lemma 5.7
completes the argument. O

Theorem 5.9. Let V 2 {((Q[||P])S)}[W]K{S}L and K = (2{U(MSy N ({&3}(U(@
[[{M&S2})))N)}). Then, QV = [WIR{((Q]||P])S)}[W]K{S}L is the pre-/quasi-variety
generated by Rpw)[MSy \ KUK, In particular, R{S}K{S}L is the one generated by
{Ra{, G3}}.

Proof. Consider any finitely-generated 2 € (Q\ (OMSL[UTNIMSL])). Take any
a € A" such that 2 is generated by imga. Let n £ (doma) € (w\ 1) and
b = (A2 (=*-%a,, V* =%a,,) men), in which case, by (4.1), (4.4) and (4.12), we
have =%*b <® b. Consider any h € hom(A,MSg). Let (I|J) 2 {i € n | h(a;) &
(F|I) } (2]7) = |(I|J)| and k|¢ any bijection from |y onto I|.J. We prove, by
contradlctlon, that there is some g € hom(%, B) such that g[img((k|¢) o a)] =
{0]1}. For suppose that, for every g € hom(2,Bs), there is either some i € 1
or some j € j such that g(ag),,)) = (1|0), in which case, as, by Lemmas 5.1
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1(BY)

FIGURE 4. The lattice of pre-/quasi-varieties of strong Morgan-
Stone lattices.

and 5.7, hom(2(,B,) # &, we have (I UJ) # &, and so we are allowed to put
¢ (V¥((koa[o=* o) (Loao—™))). Then, mo2(h([=*=%]c)) = 0, in which case
[by (4.5)] mo(h(=%¢)) = 1, and so =%¢ £ [=*=¥]¢, for (homy) € hom(AIT 4, Do).
Now, consider any f € hom(2, MSg), in which case (IMSq[(img f)) € V Z DMy, in
view of Corollary 4.3, and so (imge§) ¢ (img f), i.e., 3M% = €§[22\ Ay] € (img f).
Consider the following complementary cases:
o (imgf) C (imge3),

in which case, by (4.6), e £ (fo (eg)_l oxg\2) € hom(2l,B,), and so, by the

assumption to be disproved, m12(f(c)) = e(c) = 1. Then, f(b A% =%¢) =

(0,0,0) <™Ss f(=2p V2 ¢).

o (img f) & (imge3),

in which case there is some m € n such that f(a,,) ¢ (imge3) 2 S, in

which case f(b) € 3™ and so f(b A% —=%c) <P f(b) = f(—-%b) <MCs

f(=*bVv¥e).
Thus, anyway, f(bA%=%c) <™Ss f(=#pv*¢), in which case, by (2.5) and Theorem
4.2, (b A% =) <* (=%b V™ ¢), and so A [~ (5.4)[z0/b, z1/c]. This contradiction to
the [weak] regularity of 2 definitely shows that, for each B € MSy C ISMMGg and
every h' € hom(2,B), there is some ¢’ € hom(2,B,) such that (img f') C %%}V],
where f £ (k' x ¢'), in which case, by (2.4), f € hom(2, Rw](B)), while, by (2.1),
(ker f') C (kerh’), and so the locality of quasi-varieties, (2.5) and Corollary 4.3
complete the argument. O

Thus, the apparatus of regularizations of Kleene-Stone lattices involved here
yields a more transparent and immediate insight/proof into/to [14, Proposition
4.7].

Lemma 5.10. 83 x By is embeddable into any A € (NISKSL\ RSKSL).

Proof. Then, by (4.1), (4.3), (4.4) and (4.5), there are some a,b € A such that
(c]d) & =#=%(a|b)(= | #)*~*(c|d) and (c A* =%*d) <* (=%cV* d), in which case,
using (4.1), (4.4) and (4.5), by induction on construction of any ¢ € Tm;_,

+
get =% (c,d) = p*(c,d), and so the subalgebra B of 2 generated by {c,d} is

we
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a non-idempotent Kleene lattice such that B = (5.4)[z¢/c, z1/d]. Hence, 85 x Bo
being embeddable into B, by [12, Case 4 of Proof of Theorem 4.8], is so into 2. O

Lemma 5.11. D9y x By is embeddable into any A € (NISMSL \ SKSL).

Proof. Then, there are some a,b € A such that, by (4.2), ¢ £ =%=%(a A% =%a) £*
d £ (=% v* =*-%p)  in which case, by (4.1), (4.4) and (4.5), we have both
=A(cld)(= | )*(c|d) = =*-*(c|d), and so, by induction on construction of any ¢ €
Tm;;, we get —*=%p%(¢c,d) = ¢¥(c,d). Thus, the subalgebra B of 2 generated
by {¢,d} is a non-idempotent De Morgan lattice such that B = (4.12)[zo/c, x1/d],
in which case, by the proof of [12, Lemma 4.10], D9, x B, is embeddable into B,
and so into 2. O

Lemma 5.12. Let A € QSMSL and a € A. Suppose -*—%a # a. Then,
b2 (=% A% %) <M e 2 (o VR -%a) <P d £ (%a v =*-%a), while both
—%c = b= -%d and ~*b = d, whereas b # ¢ # d, in which case {{0,b),(1,¢), (2,d)}
is an embedding of Gz into A, and so &3 is embeddable into any member of
(QSMSL \ DML).

Proof. In that case, by (4.2), b <* ¢ < d, while, by (4.1), (4.4) and (4.5),
both —=%¢ = b = —=*d and =*b = d, whereas ¢ # d, for, otherwise, since 2 |=
(4.2]4.9)[xo/a], {b,—"a,a,—*-%a,d} would be a pentagon of the distributive lat-
tice A[X ., and so b # ¢, for otherwise, we would have c = b= -%c=-%b=d. O

Theorem 5.13. Sub-pre/quasi-varieties of SMSL form the fifteen-element non-
chain distributive lattice depicted at Figure 4.

Proof. We use Corollary 4.3 tacitly. Clearly, D9, x B is not in SKSL, for DM,
is not so, while 7 [(22 x Ay) is a surjective homomorphism from the former onto
the latter, in which case, by Corollary 5.5, SKSL C (SKSL U NISMSL) € SMSL, for
SMSL > @9t B~ (5.3)[zi/(i,1 — i)]ica. Likewise, &3 ¢ DML, so, by Corollaries
5.2, 5.5 and Theorem 5.9, (KL UNIDML) € (SKSL UNISMSL), NIDML € NISMSL,
NIKL C NISKSL and RKL ¢ RSKSL, while, by Corollary 5.2, NIKL 3 (f3 x Bq) &
(5.4)[x0/((0,1),(1,1)),21/({(0, 0}, (1,1))], so, by Lemma 5.7, RSKSL C NISKSL, as
well as KL 5 83 [~ (5.1)[z0/(0,1),21/(0,0)], so NISKSL C SKSL. Finally, by The-
orem 5.9, 63 € RSKSL > R4 [~ (4.8)[zi/(1 — i)]ie2, so SL C RSKSL. Thus, by
Lemma 5.1, Corollaries 5.2, 5.5, Theorem 5.9 and [12, Theorem 4.8], the fifteen
quasi-varieties involved are pair-wise distinct and do form the lattice depicted at
Figure 4. Now, consider any pre-variety P C SMSL such that P ¢ DML, in which
case, by Lemma 5.12, 63 € P, and so SL C P, as well as the following exhaustive
cases:

(1) P € (SKSL U NISMSL),
in which case, by Corollaries 5.5 and 5.6, D91, € P 5 &3, and so P = SMSL.
(2) P C (SKSLUNISMSL) but neither P C SKSL nor P C NISMSL,
in which case (SKSLINISMSL) 2 (P N (NISMSL|SKSL)), and so, by Lemma|
Corollary 5.11|5.3 (D94 x B3)|[R3) € P 5 S3. Then, by Corollary 5.5,
P = (SKSL U NISMSL).
(3) P C NISMSL but P & SKSL,
in which case, by Lemma 5.11, (D90, x B35) € P © &3, and so, by Corollary
5.2, P = NISMSL.
(4) P C SKSL but P ¢ NISMSL,
in which case, by Corollary 5.3, 3 € P 3 &3, and so P = SKSL.
(5) P C NISKSL but P ¢ RSKSL,
in which case, by Lemma 5.10, (K3 x B3) € P 3 &3, and so, by Corollary
5.2, P = NISKSL.
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(6) P C RSKSL but P ¢ SL,
in which case, by Corollary 5.8, 8 € P 3 &3, and so, by Theorem 5.9,

P = RSKSL.
(7) P CSL,
in which case P = SL.
In this way, [12, Theorem 4.8] completes the argument. O

This, by Corollaries 4.3, 5.2, 5.5 and Theorem 5.9, immediately yields:

Corollary 5.14. Any [pre-/-quasi-Jvariety P C SMSL such that P ¢ DML is gen-
erated by (P N DML) USL.

6. CONCLUSIONS

Perhaps, the most acute problem remained open concerns the lattice of quasi-
varieties of all MS lattices. In this connection, an interesting (though purely
methodological) point remained open is whether the optional version of Corol-
lary 5.14 can be proved directly prior proving Corollaries 4.3, 5.2, 5.5 as well as
Theorems 5.9 and 5.13, in which case these would immediately ensue from the main
results of [12].

REFERENCES

1. R. Balbes and P. Dwinger, Distributive Lattices, University of Missouri Press, Columbia
(Missouri), 1974.

2. T.S. Blyth and J.C. Varlet, On a common abstraction of De Morgan algebras and Stone
algebras, Proc. Roy. Soc. Edinburg A 94 (1983), 301-308.

3. A. I. Budkin and V. A. Gorbunov, Implicative classes of algebras, Algebra and Logic 12
(1973), 139-140.

4. E. Fried, G. Gratzer, and R. Quackenbush, Uniform congruence schemes, Algebra Universalis
10 (1980), 176-189.

5. G. Grétzer, General Lattice Theory, Akademie-Verlag, Berlin, 1978.

6. G. Gratzer and E.T. Schmidt, Ideals and congruence relations in lattices, Acta. Math. Acad.
Sci. Hungar. 9 (1958), 137-175.

7. J. A. Kalman, Lattices with involution, Transactions of the American Mathematical Society
87 (1958), 485-491.

8. H. Lakser, Principal congruences of pdeudocomplemented distributive lattices, Proceedings of
the American Mathematical Society 37 (1973), 32-37.

9. A. 1. Mal’cev, To a general theory of algebraic systems, Mathematical Collection (New Seria)
35 (77) (1954), 3—20, In Russian.

10. , Algebraic systems, Springer Verlag, New York, 1965.

11. G. C. Moisil, Recherches sur l’algébre de la logique, Annales Scientifiques de I’Université de
Jassy 22 (1935), 1-117.

12. A. P. Pynko, Implicational classes of De Morgan lattices, Discrete mathematics 205 (1999),
171-181.

, A relative interpolation theorem for infinitary universal Horn logic and its applica-

tions, Archive for Mathematical Logic 45 (2006), 267—305.

, Subquasivarieties of implicative locally-finite quasivarieties, Mathematical Logic
Quarterly 56 (2010), no. 6, 643-658.

15. H.P. Sankappanavar, A characterization of principal congruences of De Morgan algebras and
its application, Proceedings of IV Latin American Symposium on Mathematical Logic, Santi-
ago, 1978 (Amsterdam) (A.I. Arruda, R. Chuaqui, and N.C.A. da Costa, eds.), North-Holland
Publishing Company, 1980, pp. 341-349.

16. L. A. Skornyakov (ed.), General algebra, vol. 2, Nauka, Moscow, 1991, In Russian.

17. D. Sevéovi¢, Free non-distributive Morgan-Stone algebras, New Zealand Journal of Mathe-
matics 94 (1996), 85-94.

13.

14.

DEPARTMENT OF DIGITAL AUTOMATA THEORY (100), V.M. GLUSHKOV INSTITUTE OF CYBER-
NETICS, GLUSHKOV PROSP. 40, KIiEV, 03680, UKRAINE
Email address: pynko@i.ua



