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Abstract: Goldbach's famous conjecture has always fascinated eminent mathematicians. In this paper we give a
rigorous proof based on a new formulation, namely, that every even integer has a primo-raduis. Our proof'is
mainly based on the application of Chebotarev-Artin's theorem, Mertens' formula and the Principle exclusion-

inclusion of Moivre
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INTRODUCTION

In the letter sent by Goldbach to Euler in 1742 (Christian,
1742) he stated that “its seems that every odd number
greater than 2 can be expressed as the sum of three
primes”. Note that Goldbach had considered 1 to be a
prime number, a convention that was abandoned later on.
As reformulated by Euler, an equivalent form of this
conjecture called the "strong" or "binary" Goldbach
conjecture states that all positive even integers greater or
equal to 4 can be expressed as the sum of two primes
which are sometimes called a Goldbach partition. Jorg
(2000) and Matti (1993) have verified it up to 4.1014. Chen
(1973) has shown that all large enough even numbers are
the sum of a prime and the product of at most two primes.
By combining ideas of Hardy and Littlewood with a recent
discovery of Estermann (1938) obtains that the number
Q(n) of those even positive integers less than n which are
not representable as sums of two primes. Then as n—
+0 Q(n) = 0(n(logn)~%) for any positive number a.
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Demonstration principle

Let n an even integer such as above 20 and denote by Cn
the set of the composite integers of [1,n—1] to what we add
1 and let f, be the bijective mapping such that:
n:C" —n— C,
f m-—n-—-m

. Denote by Gn the subsect of n — Cn

!
consisting of prime numbers and G, that of composite

The majority of mathematicians believe that Goldbach's
conjecture is true, especially on statistical considerations
based on the probabilistic distribution of prime numbers
(Neil, 2003), the larger the number, the more manners
available to represent it as a sum of two or more. Three
other numbers and the most "compatible" becomes the
one for which at least one of these representations
consists entirely of prime numbers. Despite the efforts of
eminent mathematicians (Yuan, 2000; Estermann, 1938;
Song, 1994; Newman, 1980) at present only the weak
version of Goldbach's conjecture, namely that "any odd
number greater than 5 is the sum of three primes" was
demonstrated by Helfgot (2014) Based on a strong
literature (Pollack, 2003; Caldwell, Markakis et al., ;
Richard, 2004) on the subject we give the proof of
Goldbach's strong conjecture whose veracity is based on
a clear and simple approach.

g _ 7
numbers we have * — Cn = Gn UG} Let P, be the set
of prime numbers less than or equal to n.

Let 6(n) = card(Gn),a(n) = card(Pn\Gn),l1(n) = card(Pn)

then M(n) = &(n) + a(n) ,obviously a(n) represents the
number of ways to write n as the sum of two primes.

One can easily verify, asillustrated in the examples below,
that every even number can involve at least one pair of



primes satisfying Goldbach conjecture. To this end, let call
an integer p a primo-raduis of an even integer n a prime
number such that n-p is prime number . It is clear that if
Pn\Gn #0 then it represents the primo-raduis set for a
giving n . As a consequence, we get that the reformulation of
Goldbach’s conjecture as: “vn €2N, P,\G, #@” (Christian,
1742).

Examples

The analysis presented below illustrates therefore that 16
has 2 primo-raduis verifying Goldbach conjecture,
whereas 22 has 3 primo-raduis.

n C, Gn Pn Pn\Gn
16 1,4,6,8,9,10,12,14,15 7,2 2,3,5,7,11,13 3,5,11,13
22 1,4,6,8,9,10,12,14,15,16,18,20,21 13,7,2 2,3,5,7,11,13,17,19 3,5,11,17,19

Let n be an even integer, To prove Goldbach's where

conjecture it suffices to prove the existence of a

rimo-raduis of n , but we will go far by finding the o, - n—1
P n, but we will go far by finding Asp = {2p,3p, 4p, oo (| = )1}
number of candidates likely to be primo -raduis of n . P

which is equivalent to showing that
a(n) = card(Pn\Gn) >0

Observe that each integer m € Cn such that m = 4 has at
least one prime divisor p< vn

Let P 5= {p1,p2,....,pr} Where p1=2,p2=3,...pr= max(P ).
Moreover, remembering that

We notice that Az, is an arithmetic sequence of first term
2p and reason p. So
n — Cn = fn(cn) = fn(A2p) U {” — 1}

U

PEP< mp=2

C.= |J Ayu{n} as
;ﬂ)f:"}’f_;\/;.y;>2
) n—1 n—1 n—1 .
fa(Azy) = {n—2p,n=3p,n—4p, ....n—| . Ip} =A{n—| I}_M%n—(t ; |=Dp......;n=3p, n—2p}
Then fa(Az) is an arithmetic sequence of *~ ' 7 first term erlebotein—Artin’s theorem for sets
and reason p. We will evaluate the quantity of prime ﬂ_il P fn(AQp-,)
numbers in n — C, by applying the principle -exclusion of I=hP €< ym Jfor1<ii<iz< ... <i

Moivre and Chebotarev -Artin theorem in each f,(A2,) in
the case where p does not divide n.

Chebotarev-Artin’s theorem

Let a,b > 0 such that gcd(a,b) = 1,MN(X,a,b) = card(p £ X,p

- _ LX) | Ay VX
= a[b]) then 3¢ > 0 such that (@) = 57 + OleXem )
The  prime  number  theorem  states  that
[(X) = Li(X) + O(EQ\W) so (X, a,b) = l:w[[‘;f)) + O(eXe 7\/“)

Using the ramification of this theorem done by Jean Pierre
Serre (2014) we obtain the corollary below
Corollary

Let a,b > 0 such that gcd(a,b) = 1,M(X,a,b) = card(p < X,p
= a[b]) then 3c > 0 such that

I(X,a,b) 1
LX) o(b)

+ Oleln Xe VInX)

From probabilistic point of view, the probability of prime

numbers less than or equal to X in an arithmetic

progression of reason b and of the first term has such that
_1 . »—vIn X

ged(a,b) = 1 is worth #m T~ QeI Xe ) for X large

enough. In the following we will justify the application of

Remarks
k
k>2()_ Asp,
It is obvious to note that for ﬂj—l’f"{; EP<ym * P

k
is the set of multiples of Hj:'l Pij which allows us to write

& "

A

j=1 i EP- /=

ﬁHm)=w—mHmﬁ£msﬁ%_l

j=2 =2 Pi;

i

k
This set is an arithmetic sequence of reasonHj—z Pij and

n—1 k
n — - o Pis
first term LHj:szj.fJ HJ_Z Y,

The hypothesis of application of Chebotarev-Artin’s
theorem will be justified if and only if
ged(2 Hj=2 Pij; H.f=‘2 pi; + n)=1 which is the case if

k

Theorem



Let n an even integer be arbitrarily large, a(n) = card(Pn\Gn)
the numbers of primo -radius of n,
Vi

p(p ) p—1
), H )1 L
p=3 p—ip\n
Jnosuch that vn = no
28,11(n
(1("”/) 2 ﬂ—()

Inn

Useful lemma

Let az,ay,...... arbe r numbers then

—~ 1 1 (—1)"
L—» —+ — t e+ ———— =
; a; Z a;a; a1as....d,

1<i<g<e ° " i=1

L E
.-
a;

i

CONCLUSION

The proof of the theorem (Appendix A and B).

gives us an asymptotic idea of the number of
primo-raduis of a given integer By following the
technique allowing to establish the veracity of
our theorem we show that every even integer
has at least one primo-raduis. This major
discovery is considered as a major discovery in
Numbers Theory

APPENDIX A
Proof of useful lemma

Let us consider the polynomial:
Po=x+y Y
k=1 1<ig<ia<...<ip<r H}:

taking X = 1, the lemma is thus proved.

PX) = TLiea (X =
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CONJECTURE

1
E;) from the coefficient-roots relations



APPENDIX B

Proof of theorem

Let us denote as the function , which represents the proportion of prime numbers which appear in a
given set over prime numbers less than n. we also de ne wn-1= 1,0 according to n-1 is prime or not

With regard to the principle of inclusion -exclusion of Moivre we can write:

r k
of U A@)=XC0" Y o () falAs)
PEP< /m.p=3,pin k=2 2Sip<ig <o <ipST o j=2pi €P< mpiin . Moreover, we have
d(n) — 1,
dn-Chn-D=ol U Al = 2

PEP< ﬁ.p23,pfn

According to Chebotarev’s theorem -Artin more precisely the corollary we have : vk = 2
k

o ) hlda,) = i)

i=2.pi; €P< s i n / (HJ’:? Pi;)
Vi2
oo Asppn) = —— — S22 4 ) - .
opi)  1l(n) , where h(n) represents the error of our estimation .Regarding

the corollary we have () = O(cln(n)e” in(n)

Thus
5(”‘) - ‘U”'-nfl Z Tn— Pk (_l)k
H(”‘) k=2 k=2 2<ig<ig<...<ip<r l_[ff 2( N ) Pi; 1' "
where represents the error of the proportion estimation.
g(n) = > (—1)F ,Z 7 h(n)
Noting that

r J— —_ —_
Zk:Z 1’[} n—7pk _Zn_pEP,pSpr 1= ZpEPn\Gn P<pr 1_a(pr)

and applying the useful lemma, we have:



As 6(n) = M(n) - a(n) and r = max(i|pi<vn) so

(n) —a(y/n vn n— Un_q
MO g+ ] 2

" The veritable problem of our result is bounded on the

error function g . How can we solve it?. The answer is so simple by noticing that

ZCTED SEUD SETIN) 9tk (A R 91 () [

2<in<ig< ... <ip<r k=1
Using the previous result our formula becomes:

N
a(n) — a(yv/n) ~4 1(n) H

p=3.pin

p—2

- FL“"I/“nf 1

p—2
In the following we will apply the Mertens’ theorem in order to evaluate®™ ~ Hn 3.ptn p,l As

- v Vi
Il p— H H
e =3,pf 1 3.p|r
so we have
vn v
p-2yrr—1
" H -1 H p—2
p=3.pln 3

By using the third formula of Mertens we have:

[Ta-5-2"0+0(—)

</a P Inn Inn
p</1

Let’s put



- p(p —2) 2oy Hp-2
cg(n):H( 1)2 Hp—l Lp—1
p=3 p=3 p=3
So
vn 1 Vn p—1
= 2¢a(n H » H F—
p=2 p=3,p|n

From the previous part

! p—1

4 o~ 1
_des(n)e™ L~ L

" Inn

Inn
p=3,p|n

4(’ p—1 1
() — (V) ~ae T[22 H
p=3,p|n

Let
vn
—1
Bn = ca(n) b=
p=3,p|n

then Inovn = no

a(n) > a(n) — a(va) > 2210

Inn

proof of the condition (Christian, 1742).
suppose that 3g such that P{\Gq= @ then a(q) = card(Pq\Gq) = 0 .According to the theorem necessarily

we have g < noand we also have

then



<0

_o«(\/_) " H

et 1 Q)
pm2

= Yg-1
more precisely 1 s 51 < 9@ + 55 which leads us to:

— Vi
deo(q)e™ 1 p—1 1
A Ve . < -
Ing ( +O(1nq)) |3|| - <g(q)+ M)
p=3.plq

Multiplying each member by In(q) we have

Vi _ n
deo(q)e 7 (1 4+ O(1)) H i—_ ; < In(q)g(q) + IH((;?
P=3,plq

as

In(q)g(q) + 111[15;;; — O(Clllz(q)e*\/lfl(q))

hence our inequality does not hold . Therefore the condtion (Christian, 1742) is true.



