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1 Introduction

The Collatz conjecture, also known as the "3x + 1" problem, is a conjecture in math-
ematics that concerns sequences of integer numbers. These sequences start with an
arbitrary positive integer, and so each term is obtained from the previous one as follows:
if the previous term is even, the next term is one half of this one, and if the previous
term is odd, the next term is 3 times the previous one plus 1. The conjecture says that
no matter what is the starting value, the sequence will always reach 1. [5]

More specifically, consider the Collatz function as the map Col : N→ N, defined by:

Col(x) =
{ x

2 if x ≡ 0 mod 2
3x + 1 if x ≡ 1 mod 2

Thus, the Collatz conjecture says that, for every x ∈ N, there is a positive integer k
such that Colk(x) = 1. [5]

The conjecture is named after Lothar Collatz, who introduced the idea in 1937, two
years after receiving his doctorate [8]. However, it is also known as the Ulam conjecture
(after Stanisław Ulam), the Kakutani’s problem (after Shizuo Kakutani), the Thwaites
conjecture (after Sir Bryan Thwaites), the Hasse’s algorithm (after Helmut Hasse), or
the Syracuse problem [4, 7].

The sequences of numbers involved here are also referred to as the hailstone sequences
or the hailstone numbers, because the values are usually subject to multiple descents
and ascents like hailstones in a cloud [9] or as wondrous numbers [3].

Paul Erdős said about the Collatz conjecture: "mathematics may not be ready for
such problems" [1]. He also offered US$500 for its solution [2]. On the other hand,
Jeffrey Lagarias stated in 2010 that the Collatz conjecture "is an extraordinarily difficult
problem, completely out of reach of present day mathematics" [6].

http://www.ams.org/mathscinet/search/mscdoc.html?code=\@secclass 
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2 Main conjecture

2.1 Closed loops

A closed loop or simply a cycle is a finite sequence a = (a0, . . . , ak) of positive integers,
such that ak = a0 and ai = Coli(ai−1) for all i ∈ {1, . . . , k}. Note that every closed
loop a as above generates an infinite family of cycles am (m ≥ 1), by concatenating
m− 1 copies of (a1, . . . , ak) to the right of a, that is

am = (a0, a1, . . . , ak︸ ︷︷ ︸
(m−1)−copies

).

Hence, if a is a closed loop as above, then Colmk(a0) = a0 for all m ≥ 1.

One of the most important problems about this conjecture is the presence of the closed
loop (1, 4, 2, 1), because it creates complexity. Indeed, if Colk(x) = 1, the existence
of the mentioned closed loop implies that

Col3m(Colk(x)) = Col3m+k(x) = 1 for all m ≥ 1.

To avoid the contradiction given by the closed loop (1, 4, 2, 1), we will replace the
Collatz function by the map Col∗ : N→ N defined as follows:

Col∗(x) =


x
2 if x ≡ 0 mod 2
3x + 1 if x ≡ 1 mod 2 and x > 1
1 if x = 1

For t ∈ N, we have

Col(2t + 1) = 3(2t + 1) + 1 = 6t + 4 ≡ 4 mod 6, Col(2t) =
2t
2

= t.

Notice that, for x ∈ N, Col−1({x}) is formed by the element 2x , and additionally, by
the element x−1

3 only if x ≡ 4 mod 6.

3 Classifications and fields

For every m ∈ Z, denote by [m] the class of it module ten, i.e. Z/10Z = {[0], . . . , [9]}.
Note that N = [0]+ t · · · t [9]+ , where [k]+ = [k] ∩ N, that is:

[0]+ = {10, 20, . . .},
[1]+ = {1, 11, 21, . . .},

· · ·
[9]+ = {9, 19, 29, . . .}.
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Hence, [k]+ = {10t + k | t ≥ 0} = [0]+ + {k}.

As every natural number can be written as
∑n

i=1 ai10i with 0 ≤ ai < 10, then

(1) [k]+ =

{
k +

n∑
i=1

ai10i

∣∣∣∣∣ n ∈ N, a1, . . . , an ∈ [0, 9]
k + a1 + · · ·+ an ≥ 1

}
.

Now, according to the definitions we have had so far, we want to study the properties
of each of these classes, and by studying their properties, we will reach more general
properties in the Z/10Z set, and with the help of these properties, we can generalize
them to the set of N numbers.

Lemma 3.1 Let k be a natural number. Then:

(1) If x ∈ [2k + 1]+ , then Col(x) ∈ [6k + 4]+ .

(2) If x ∈ [2k]+ , then Col(x) ∈ [k]+ ∪ [k + 5]+ .

Proof (1) For x ∈ [2k + 1]+ , there are n ∈ N and a1, . . . , an ∈ [0, 9] such that

Col(x) = 3x + 1 = 3

(
(2k + 1) +

n∑
i=1

ai10i

)
+ 1 ≡ 6x + 4 mod 10.

(2) Similarly, for x ∈ [2k]+ , there are n ∈ N and a1, . . . , an ∈ [0, 9] such that

Col(x) =
x
2
=

1
2

(
2k +

n∑
i=1

ai10i

)
= k +

n∑
i=1

ai

2
10i = k +

n∑
i=2

ai

2
10i + 5a1.

If a1 is odd, that is, a1 = 2t + 1 for some t ∈ N, then

Col(x) = k +
n∑

i=2

ai

2
10i + 10t + 5 ≡ 5 + k mod 10.

Now, if a1 is even, that is, a1 = 2t for some t ∈ N, then

Col(x) = k +
n∑

i=2

ai

2
10i + 10t ≡ k mod 10.

Remark 3.1 [k]+ = k

The following remark will be useful to drawing graphs in Section 4.
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Remark 3.2 More specifically, by Lemma 3.1 and Remark 3.1, we obtain the follow-
ing properties:

(P0) Col(0) ∈ [5]+ ∪ [0]+ (P5) Col(5) ∈ [6]+

(P1) Col(1) ∈ [4]+ (P6) Col(6) ∈ [8]+ ∪ [3]+

(P2) Col(2) ∈ [1]+ ∪ [6]+ (P7) Col(7) ∈ [2]+

(P3) Col(3) ∈ [0]+ (P8) Col(8) ∈ [4]+ ∪ [9]+

(P4) Col(4) ∈ [2]+ ∪ [7]+ (P9) Col(9) ∈ [8]+

4 Graph

Let G be the directed graph (V,E) with vertices V = [0, 9] and the following edges

E = {(a, b) | Col(a) ≡ b mod 10}.

According vertices and edges definition we have the following Lemma that it is useful
to draw graph with it.

Lemma 4.1 For x ∈ [0, 9], we have:

(1) deg(x) = 1 if and only if x is odd.
(2) deg(x) = 2 if and only if x is even.

Proof It is a consequence of Remark 3.2 and Lemma 3.1.

By using Lemma 3.1, Remark 3.1 and Lemma 4.1, the graph G can be drawn as
follows:
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5 Generalization

The Collatz conjecture can to be expressed as follow.

Conjecture 1 (Generalized Collatz) For m ∈ N, the sequence Coln(m) (n ≥ 1) will
reach 1, if and only if, the following properties hold:

(C1) lim
n→∞

Coln(m) /∈ {m}.

(C2) lim
n→∞

Coln(m) 6=∞.

Now we can claim that this conjecture is equivalent to the Collatz conjecture, because
if a number does not reach itself and also does not diverge infinitely, then that number
will necessarily shrink to 1. In fact, we can say that the graph we have drawn shows
that if there is a loop, then what does that loop look like, and if a proof can be given
for this conjecture, this graph can be used.
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