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Effect Of External Step Heating In Biological Tissue Using Dual Phase 

Lag Bioheat Transfer Model : A Numerical Approch 

 
Abstract This paper explains the thermal behavior of bio-logical tissues exposed to step heating using the Dual-

Phase Lag (DPL) bioheat transfer model. This investigation is focused on the effect of thermal-lag times associ-

ated with the thermal inertia and microstructural interaction as well as the impact of other thermo-physical pa-

rameters such as core body temperature and blood perfusion rate. A Backward Time, Cantered Space (BTCS) 

implicit scheme is employed for discretization through finite difference method (FDM). Finally, a comparison is 

proposed be-tween Penne's model, the Thermal wave model, and the DPL model to illustrate the effect of differ-

ent relaxation times. 

 

Keywords— BTCS discretization scheme, Dual-Phase Lag model, Finite Difference Method , Penne's bioheat 

model, Thermal Wave model. 

 

1. Introduction  
Thermal therapy and thermal exposure or risks to the skin have both benefited from a better understanding of heat 
transmission in biological tissues. Many bioheat transfer models have been developed to understand thermal be-
havior in living tissues [1]. The most widely used Bio-heat transfer model is Penne's equation which includes 
blood perfusion rate and metabolic heat generation etc., as the source terms and the thermal behavior was described 
by classical Fourier's law. This equation has been employed in different numerical analyses of thermal comfort 
[2], evaluation of burn injuries [3-5], thermal therapy [6-8], and thermal parameter estimation [9-11], etc. Accord-
ing to the Fourier law, the infinite quick transmission of thermal flux stands inconsistent with the practical scenario 
in living tissues. So a new modified non-Fourier type hyperbolic heat transfer model (Thermal Wave Bioheat 
Transfer Model) was introduced by Cattaneo and Vernotte [12,13], in which heat flux was taken to propagate like 
a wave with a finite speed. The thermal wave model was implemented in both homogeneous materials [14-16] 
with a relaxation time ranging from 10-8 to 10-14 to observe the thermal wave nature as well as in non-homogeneous 
biological living tissues to investigate the lag times for heat flux for different tissues [17-19]. Furthermore, another 
phase relaxation time was incorporated for a temperature gradient to examine the effect of microstructure in the 
tissues, in order to produce a more realistic solution to the existing thermal wave bioheat transfer model for non-
homogeneous and anisotropic living tissues. The dual-phase lag model is a modified equation that includes the 
combined effect of phase-lag timings for heat flux owing to thermal inertia and temperature gradient due to the 
influence of microstructure interaction (DPL model) [20,21]. 

 
Here, C, and k denote the density, specific heat, and thermal conductivity of the tissues. 𝐺   and (𝜌𝐶)𝑏 are the 
blood perfusion rate and total heat capacity of the blood, respectively.  𝑇𝑞 and 𝑇𝑡 denotes the phase relaxation time 

for heat flux and temperature gradient, respectively, whereas  𝑄𝑚  is the metabolism heat generation rate. Equation 
(1) represents the unsteady DPL equation, if 𝑇𝑡 is neglected, then the equation behaves as a thermal wave equation, 
and if both 𝑇𝑞 𝑎𝑛𝑑 𝑇𝑡 are neglected, then the equation becomes classical Penne's equation. Some experimental 

[22, 23], analytical [24-26], and numerical [27] investigations were done to find out both phase lag times. Numer-
ous works are being carried out to explore the exact values for phase lag times in different situations. 

  In this paper DPL model is applied with the step heating heat flux with BTCS discretization scheme using 
finite difference numerical method. Furthermore, the effect of different parameters like core body temperature 
(𝑇𝑐𝑟), both phase lag times ( 𝑇𝑞 and 𝑇𝑡) and blood perfusion rate (G) are investigated. Finally, alternative bioheat 

transmission models such as Penne's, Thermal Wave, and DPL are compared. 

2. Mathematical Formulation and Numerical Modelling 

 Equation (1) is used as the DPL bioheat model for the current problem. A step heating is applied to the skin 
having a flux of 40kW/m2 for 20s, and it is allowed to cool for the following 30s.The metabolism heat generating 
rate (𝑄𝑚)  is ignored here because it is negligible in comparison to the applied heat flux. A finite-difference nu-
merical approach is with BTCS implicit scheme is applied to discretize the governing equation. The Tri Diagonal 
Matrix Algorithm (TDMA) is used to solve all discretized equations. In the MATLAB 2016 solver, a computer 
code is developed with consistent step sizes for space and time of 0.00008 and 0.01. According to Table-1, the 
thermo-physical characteristics of skin and blood are obtained. The skin is considered as one layer with the fol-
lowing boundary and initial condition. 

A. Initial Conditions: 
i. 𝑇(𝑥, 0) = 307.15 𝐾  ; (0≤x<L) (2a) 

ii.   
𝜕𝑇(𝑥,0)

𝜕𝑡
= 0  ; (0≤x<L) (2b) 

 𝑇𝑞𝜌𝐶
𝜕2𝑇

𝜕𝑡2 = 𝑘 [𝛻. (𝛻𝑇) + 𝑇𝑡   
(𝜕𝛻. (𝛻𝑇)

𝜕𝑡
] + (𝜌𝐶)𝑏𝐺(𝑇𝑐𝑟 − 𝑇) − (𝑇𝑞𝐺(𝜌𝐶)𝑏 + 𝜌𝐶)

𝜕𝑇

𝜕𝑡
+ 𝑄𝑚

+  𝑇𝑞

𝜕𝑄𝑚

𝜕𝑡
 

 
 
 
(1) 



     

        

B.    Boundary Conditions: 

i. 𝑄(0, 𝑡) = −𝑘
𝜕𝑇

𝜕𝑡
  ;     (0≤t≤a)  (2c) 

     Where, 𝑄(0, 𝑡) =  𝑞0[𝑢(𝑡) − 𝑢(𝑡 − 𝑎)]  

ii.  𝑇(𝐿, 𝑡) =  𝑇𝑐𝑟   ;  (2d) 

        Where u(t) =1 , when t >0 , and  u(t) = 0 when t <0 . 

Where 𝑢(𝑡) = unit step function, 𝑞0 = heat flux during the period of heating, a = heating time dura-

tion, L= Total skin thickness and 𝑇𝑐𝑟  = body core temperature. 

 
Table .1 Thermo-physical properties of skin and blood 

 
The present numerical model is validated with Liu et. al.[28] by taking a constant temperature of 1000C 
exposed to the skin for 15 s followed by cooling with a temperature of 00C for the next 30 s as presented 
in Fig.1, which shows an excellent agreement with an error of less than 5%. 

3. Result and Discussion 

A. Effect of relaxation times for heat flux (Tq) and temperature gradient (Tt ) on temperature distri-

bution in tissue : 
 Relaxation times for heat flux (Tq) and temperature gradient (Tt ) are mostly depending on the tissues, blood 
vessels, and different body. Fig. 2 shows the temperature variation of biological tissue with time taking different 
relaxation time for heat flux (Tq) and temperature gradient (Tt). Fourier's classical conduction model (Penne's 
model; Tq=Tt=0) shows a sudden increase in temperature with a steeper slop and flattens quickly to a maximum 
temperature due to the propagation of heat in an infinite manner. DPL model for the condition Tq = Tt coincides 
with Penne's model for small values of Tq and Tt (Tq=Tt=0.1) but for the larger phage lag times (Tq=Tt=10), a 
significant temperature difference is observed. A sudden temperature rise for Tt >Tq (Tq=0.1, Tt=10, and Tq=0.1, 
Tt=1) is also noticed because the diffusive nature is dominated for heat propagation.A large  Tt/Tq value shows 
more temperature rise. The condition Tt < Tq  (Tq=10 and Tt=0.1) shows a comparably less rise in temperature 
because the wave nature dominates over the diffusive nature of heat propagation. When Tt/Tq tends to or becomes 
zero (Tq=20 and Tt=0), the DPL model behaves like a hyperbolic thermal wave model, which records the least 

                           

Properties                

 

 Layer 

Density  

𝜌 

(Kg/m3) 

Specific 

heat  

 C (J/Kg K) 

Thermal 

conductivity 

  k (W/m K) 

Blood perfu-

sion rate  

G(Kg/m3) 

Thickness 

L (m) 

Body core 

Temperature 

  𝑇𝑐𝑟 (0C) 

Skin [28] 1000 4200 0.2,0.5 0.5,1.5,3 0.01208 34 , 37 ,39 ,40 

Blood [29] 1060 3770 -- -- -- -- 

 

Figure 1.  Comparison of temperature variation with the result of Liu et. al [28] at a skin depth 

of 0.00008 m 



     

temperature. During the cooling phase, all the model converges to Penne's model with a sudden drop in temperature 
as steady-state is established with time increment. On the other hands, the DPL model having a larger Tt value 
shows a gradual decrement of temperature and takes more time to converge to the steady-state as heat is more 
penetrating the skin depth due to the more diffusive nature. The comparison reveals that Penne's model evinces 
more temperature rise, followed by the DPL and Thermal wave models. However, the DPL model is more realistic 
as it considers thermal inertia (wave nature of heat propagation) and microstructure interaction of tissue (aniso-
tropic nature of the living tissues). Fig. 3 depicts the temporal changes of tissue temperature for different skin 
depths(x) for Tq=10 and Tt=0.1. 

 

Figure 2. Variation of temperature with time for k = 

0.2 W/mK,Tcr = 37 0C at skin depth (x) = 0.00016 m 

 

Figure 3.Variation of temperature with time for k 

= 0.2 W/mK , G = 0.5 Kg/m3,Tq= 10 and Tt = 0.1 

at different skin depth (x) in m 

B. Effect of body core temperature: 
Human body core temperature varies depending upon deferent conditions like fever, hypothermia, hyperthermia, 
and hyperpyrexia [30]. So it is significant to observe the effect of body core temperature on thermal regulation of 
living tissues. Fig. 4 shows the effect of four different core body temperature (340C, 370C, 390C, 400C) on tissue 
temperature at two different skin depth (0.00008m and 0.00016m). It is observed that a high body core temperature 
leads to more temperature rise and becomes stable at a higher temperature with the increment of time, as larger 
core temperature ensues comparatively less temperature gradient in the tissue resulting less heat propagation to-
wards body core. Hence more heat will be accumulated in the tissue resulting a temperature rise. 

 

(a) 

 

(b) 

Figure 4. Variation of temperature with time for k = 0.2 W/mK , G = 0.5 Kg/m3, Tq = 20 and Tt = 0.05 at 
skin depth (x) (a) 0.00008 m and (b) 0.00016 m 

 



     

C. Effect of blood perfusion rate on temperature distribution in tissue: 
 

In the present study, three different perfusion rates (0.5, 1.5 and 3 Kg/m3) are also taken at two different skin 
depths (0.00008 m and 0.00016 m) to observe the effect on tissue temperature rise. Blood perfusion rate acts as a 
cooling function for the rising rate of tissue surface temperature, as the heat is taken away by the blood due to 
temperature difference between tissue surface temperature and body core temperature. It is observed from Fig. 5 
that a larger blood perfusion rate prevents the surface temperature rise of the tissues in a shorter time. It is also 
noticed that a larger perfusion rate takes less time to attend a steady-state, which means the slope of the temperature 
drop is less in the case of the larger perfusion rate. The temperature drop for the larger perfusion rate is more 
sudden than the lower perfusion rate. 

 

(a) 

 

(b) 

Figure 4. Variation of temperature with time for k = 0.2 W/mK,Tcr = 37 0 C, Tq = 20 and Tt = 0.05 at skin 
depth (x) (a) 0.00008 m and (b) 0.00016 m 

 

4. Conclusion 

Numerical analysis is conducted to observe the influence of the DPL model, blood perfusion rate, and body core 
temperature on a single layer of skin subjects to a step heating of 40 kW/m2 for 20 seconds heating followed by 
30 seconds cooling. Temperature rise is found more in the case of the dominant diffusive nature of the heat prop-
agation (Tt > Tq), and thermal inertia dominated heat propagation (Tt < Tq) shows a wave-like nature that drops the 
temperature rise of the living tissue. Blood perfusion rate plays a cooling function for the tissue surface tempera-
ture. Temperature rise drops and attains a steady state at a lower time for a larger perfusion rate. Core body tem-
perature is found to be a crucial parameter that affects tissue temperature more prominently. A larger core temper-
ature shows a higher temperature rise. 
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