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Abstract. Physics aids explainable artificial intelligence. The inherent
topology of a chaotic system is often a boon to learning algorithms. He-
lical or screw flows are chaotic. Their velocity and rotational fields are
parallel to each other, typically hosting coherent structures that contain
(either strain or shear) barriers which resist fluid flow across them. Here,
we apply perturbation to coherent fluid particles to construct a criterion
governing the topological changes in their mixing across barriers, which
we define using the macroscopic statistical measure of finite-time Lya-
punov exponent. Our findings demonstrate that the rigid coherent struc-
tures essentially support mixing in purely helical flows. These findings
have far-reaching implications in diverse fields of applications, ranging
from dynamos in growing magnetic field, classical turbulence in super-
fluid helium to supercell atmospheric tornadoes.
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1 Introduction

The topology of chaotic signals around equilibria is an active area of interest
in data-centric computing and neural networks. A chaotic signal is determin-
istic and bounded while being sensitive to initial conditions. Chaotic signals
have been recently represented as arti�cial neurons in the novel ChaosNet ar-
chitecture to improvise machine-enabled classi�cation [1]. To add, asymptotic
perturbations have de�ned constriction factors which ensure the diversity of so-
lutions in multi-objective optimizations in learning algorithms [2]. Recent studies
have a�rmed that the Langevin [3] and Lagrangian [4] approaches unravel the
underlying physics of neural networks in data science. Since the application of
machine learning is gaining traction to comprehend the physics of uid ow [5],
the topological examination of a certain ow �eld is the subject matter of this
article.

Helicity is a ow property which measures the extent of alignment between a
vector and its curl. Kinetic helicity quanti�es that alignment between vorticity
(rotationality) and velocity in the ow. Rotating column of uid mass in tor-
nado may be an ideal use case of purely helical ow. By virtue of conservation
[6, 7], helicity is a fundamental quantity in explaining the dynamo which is a
spontaneously growing magnetic �eld in an electrically conducting Earth’s liquid
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[17]. Alexakis [18], in his search for sustained growing dynamos, computed FTLE
in laminar ABC ow and reported certain intervals of the model parameters A,
B and C that de�ne chaos. However, this �nding alone does not adequately
explain the underlying mixing, as attributable to a recent study by the present
authors that deliberates the topology of mixing in generalized helical ows by
using FTLE in the coordinate space rather than the parametric space of the
model [14]. Chaotic motions are essential elements of fast dynamos, i.e., dy-
namos that operate over timescales much shorter than the turnover timescales
generating the uid ow. Within the Earth’s liquid core, a relaxing magnetic
�eld is topologically equivalent to a state of magnetostatic equilibrium which
is analogous to Euler ow. Core ow, being turbulent, is asymmetric (that is,
chiral with non-zero helicity) [10]. This allows for solving the magnetic �eld with
a tractable idealized ABC ow. In the study of turbulence in superuid helium,
4He II, Angstrom(�A)-thick superuid vortex lines have been modeled [19], their
existence and growth within normal uid vortex cores have been quanti�ed [20],
and the mechanisms of superuid { normal uid vortex matching have been
identi�ed [16]. It is well-known that discrete turbulent normal uid vortices are
ideally analogous to those appearing in ABC ow, subject to the condition that
the turbulent vortices in 4He II are not closely spaced to initiate any topological
change or reconnection [21]. From a geophysical view, the study of tornadoes
is crucial to the climatic modeling of the Earth’s heat imbalance [22]. Super-
cell storms originate near swirling intersection of warm inow and cool outow.
Strong wind shear around bulk updraft orients the vortical ow to be optimally
helical in order for the storm to be a sustainable tornado [23]. Which supercell
storm transforms into tornado is an open problem [24]. This article complements
the progress in these challenges.

Rest of the article is organized as follows. We examine the instantaneous ow
topology and identify characteristic timescales in the modeled ow. We probe the
topology using Lagrangian descriptors such as pathlines and FTLE to emphasize
the fundamental di�erences between steady and unsteady ABC ow. We then
perturb the deformation of uid parcels to identify the conditions of smooth
mixing between minimized strain and shear in the ow where FTLE vanishes.
These regions are associated with rigid coherent structures and occupy bulk of
the ow. Finally, we discuss the implications of our results on interdisciplinary
physical systems and conclude this article.

2 Topological regimes in helical flow

We �nd that the temporal probes of the modeled ow �eld [Eq. 1] at di�erent
locations in the domain [Fig. 1] suggest that the model is bounded which is
essential for the representation of physical ows. We now consider the topological
evolution of the model to examine the categorically distinct mixing phenomenon
of unsteady helical ow. Figure 2 illustrates the topological bifurcations as a
function of time in the x{z plane at y = 0 where the Cartesian coordinates have
their origin at the centre of the plane. To aid the visualization, we superpose
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Fig. 1. (a) to (f): Variation of flow components (u, w) with time for steady (horizontal
blue) and unsteady (fluctuating red) ABC flow at three specified locations

the streamlines on the vorticity �eld (ωy) of ABC ow in Fig. 2. We �nd three
topological regimes where saddles and vortices undergo unique deformations.
First, locally maximum vorticity traces the domain of the unsteady ow with
time (t < 1.15 s, 1.5 s < t < 3.25 s, 3.27 s < t < 3.62 s and 4.2 s < t < 5 s). Please
see Figs. 2(a), 2(b) and 2(c) for illustration. This is reported in the context of
superuid turbulence as well [16]. Second, there are two occurrences of abrupt
topological bifurcation, 3.25 s < t < 3.27 s [Figs. 2(d), 2(e), 2(f)] and 3.77 s <
t < 3.79 s. The bifurcations are evident from the evolving pattern of streamlines.
Third, there are regions of vorticity which evolve and grow while being stationary
on certain time intervals (1.15 s < t < 1.5 s, 3.62 s < t < 3.77 s and 3.79 s < t <
4.2 s). Please see Figs. 2(g), 2(h) and 2(i) for illustration. Thus, the repeated
sequence of the three regimes is a candidate that facilitates mixing.

Probing further, we examine the continuum deformation that is associated
with ow topology. Two neutrally buoyant neighboring uid particles sepa-
rate exponentially over time as elucidated by a �rst-order Taylor series ex-
pansion of the velocity �eld about a spatial coordinate. This leads to com-
puting the growth rate of a multi-dimensional neighborhood. Consider a two-
dimensional ow map F : (�x0, t0)→(�x, t). Initial neighborhood δ(�x0) acted upon
by the deformation operator �rF results in δ(�x) = ( �rF) δ(�x0). Hence jδ(�x)j2 =
h( �rF ) δ(�x0), ( �rF ) δ(�x0)i = hδ(�x0), ( �rF )T �rF δ(�x0)i = hδ(�x0), C δ(�x0)i. Here
h., .i denotes inner product and C is the Cauchy-Green strain tensor, which is
positive-de�nite. Accordingly, all its eigenvalues (λi, i = 1, 2, 3) are positive.
Mass conservation between instants t0 and t for an incompressible ow requires
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Fig. 3. Deformation of a material curve (solid blue) and the vectors attached to it. ξ̄1,
ξ̄2 comprise principal directions in an illustrative 2D deformation.

Lorentzian metric in the geometric sense. The net deformation due to the tensor
has two components: isotropic due to λ, and anisotropic due to λ1 and λ2 [Fig.
3]. The energy integral ensures a minimum-strain deformation of curve γ in the
Lorentzian metric space which con�rms that FTLE vanishes at least once within
a coherent vortical region enclosed by curve γ in the ow [29]. The vanishing
FTLE is a fundamental observation in the analysis of ABC ow presented in
this article [Fig. 4].

Secondly, when Q is de�ned as a shear due to the projection of the advected
unit normal vector on the tangent vector, L transforms into a new L0

which
contains 1

2 (CR�RC) that is again a symmetric Lorentzian metric tensor because

its eigenvalues in 2D, ±
q
C2

12 + (C22�C11)2

4 , have opposite sign. Accordingly, the

energy integral ensures a minimum-shear deformation of curve γ. Here, C =�
C11 C12

C12 C22

�
, and R =

�
0 �1
1 0

�
rotates a vector counter-clockwise by π

2 .

Figure 4 shows that the coherent FTLEs divide the domain into ‘cells’. More-
over, we attribute mixing to the sensitive pathlines of uid particles which are
spread over greater parts of the domain in the unsteady modeled ow than in
the steady ow. To this end, we have shown earlier that the transport in gener-
alized helical ows is a function of topology and FTLE [14]. Here, we examine
the conditions which underlie the topological di�erences during the transport of
a material curve through shear- and strain-driven cells of the domain under the
inuence of vanishing FTLE. Since the de�nition of the length-averaged property
Q minimizes either strain or shear of a deforming curve γ, it is incumbent that
there are separate corresponding geometric descriptions of the phenomena. Ac-
cordingly, a tangent �r0 to a point on the closed material curve γ that is advecting
in the ow with a minimum-strain deformation may be given as [26]:

�r0(s) =

p
λ2 � λ2p
λ2 � λ1

�ξ1(�r)±
p
λ2 � λ1p
λ2 � λ1

�ξ2(�r) (2)

which is a linear combination of orthonormal eigenvectors, �ξ1 and �ξ2, of the
tensor C. Similarly, �r0 for a curve γ under minimum shear may be given as [30]:
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�r0(s) =

pp
λ2pp

λ1 +
p
λ2

�ξ1(�r)±

pp
λ1pp

λ1 +
p
λ2

�ξ2(�r) (3)

Since the transition of the curve γ from a minimizing strain to shear defor-
mation requires that the Eqs. 2 and 3 are linearly dependent, the corresponding
coe�cients of �ξ1 and �ξ2 in these two equations must be proportional to each
other. Since the eigenvalues λ1 and λ2 of the tensor C approach unity when
FTLE is vanishing, Eqs. 2 and 3 have characteristic di�erences. While the coe�-
cient of either �ξ1 or �ξ2 is 1p

2
in Eq. 3, we consider an asymptotic perturbation to

avoid singularity in Eq. 2. Noting that λ2 = 1/λ1, we let ε =
p

1� λ21 to be the
perturbation when λ1 approaches unity. As ε ! 0, a transition between shear-
and strain-minimizing curves in the ow will occur when there is asymptotic
matching between Eqs. 2 and 3 with respect to the coe�cients of �ξ1 and �ξ2.

After some algebra, the matching between the coe�cients of �ξ1 occurs ac-
cording to:

1
ε

p
1� λ2

p
1� ε2 � 1p

2
(4)

which implies that 1 � λ2(1 � ε2

2 �
ε4

8 ) � ε2

2 , and hence λ ! 1+. Similarly,
the coe�cients of �ξ2 match when:

1
ε

q
λ2
p

1� ε2 � (1� ε2) � 1p
2

(5)

which leads to λ2 � 1� ε2

2p
1�ε2

, and hence λ ! 1+. That is, λ is never less

than one. Thus, we �nd that the presence of rigid coherent structures (λ on the
order of but not less than one) is a necessary condition for the characteristic
topological modulations in unsteady helical ABC ow.

4 Discussion

Our �ndings have implications on the study of terrestrial magnetic dynamos, su-
peruid turbulence and tornadoes. First, the equation of magnetic induction may
be expressed as ∂ �B/∂t = �r×(�u× �B) + (r2 �B)/Rm, where �u and �B are velocity
and magnetic �elds respectively, and Rm = UcLcµ0σ is non-dimensional mag-
netic Reynolds number with Uc and Lc being characteristic velocity and length
respectively, µ0 being free space permeability and σ being electrical conductiv-
ity. Solution to the induction equation reveals the largest Lyapunov exponent
(indicator of chaos) and unstable critical points, both of which can be used as
metrics to �nd a relation that tweaks the parameters A, B and C of the unsteady
ABC ow with varying Rm (and hence Uc and Lc) so that FTLE contours can
bear equivalent metrics. Actual solutions of induction equation with ABC veloc-
ity �eld at lower values of Rm are required to establish this relation. This can
provide apriori information about advection of magnetic �eld when Rm is high
(O(� 103) for Earth) and direct solution of the induction equation is delayed due
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