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A PECULIAR SUBSET OF THE SMALLEST INDUCTIVE SET

FENG ZHAO

ABSTRACT. By ZF, there exists a peculiar subset @ of the smallest inductive set
w, which is not just infinite, but D-finite. If ZF is consistent, then ZF 4+ @ # w
is also consistent; otherwise, ZF is inconsistent. Moreover, if ZF is consistent,
then @ and w are indistinguishable in the forcing method, and so the forcing
method has limitation. In order to avoid conflicts with ZF, it will be necessary
to discriminate @ from w in the forcing method, and thus some problems
relevant to w deserve deeper discussion.

1. INTRODUCTION

Let w be the minimal transfinite number. By the Axiom of Infinity, we have
(1.1) Vzew(z =0V Iycw(x=y"))
where y© =y U {y}. Let F(X,€):
(1.2) Fun(X) A Fun(€) A dom(€) = R A ran(€) = dom(X) =N A ran(X) Cw

where a predicate Fun(X') means that X is a function, R is the set of real numbers
and N = w—{0}. Then there are some X and & such that

(1.3) VE>03IN=E(E)Yn>N(X(n) > E).
Let A(X,E) denote (1.3). We have
EF(X,E)NAXE)) = X— o0
for some X. Now we define
(1.4) w={r €ew VXVEF(X,E)NAX,E) = B(x, X))}

where B(z,X) : ANVn>N (x € X(n)). By the Separation Axioms, @ is exactly a
set. Obviously, 0 € @ and x € @ = x € w holds for every z, i.e.,

(1.5) O#DTNDCuw.

So, can we claim that © = w?
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2. w&w

Lemma 2.1. Let Y be the variable function such that Y — oo where
dom(Y) =N and ran(Y) C w,

and let m be the variable object such that m € dom(Y). Then
(2.1) - (Y VYm (Y(m) € @)).

Proof. Let R(x): VXVE (F(X,E) NA(X,E) = B(x,X)). By the following prop-
erties for the universal and existential quantifiers[1]:
(2.2) (1) vV (Q(z) = S(z)) = F=Q(z) = VYo S(z),
(2) 3z (Q(z) = S(x)) = VeQ(x) = Tz S(x),
(3) Va (Q(x) A S(z)) = Vo Q(z) AVr S(x),
(4) 2z (Q(z) AS(z)) = Tz Q(x) A3z S(x) is a tautology,
from (1.4), we have
(2.3) Ve(rew & xewA R(z))
(24) & Vz((rew = zcwAR@) AN (zewAR() = x€))

(25) & Vr(rew = z€wAR@) AVe(zewAR(z) = x€®)
where

(2.6) Ve (ze€w = xz€w A R(x))

(2.7) & Fz(xew) = Ve(zcwA R(z)) (by (1) of (2.2))

(2.8) & Fz(zew) = Va(rew) AVzR(x) (by (3) of (2.2))

(29) & Fz(zew) = Va(rew) AVZVAXVE(F(X,E)NAX,E) = Bz, X));
herein, using the Separation Axioms, and the fact that @ # &, we have

(2.10) VaVXVE (F(X,E)NAX,E) = B(x, X))

(2.11) & VaVX(VE(F(X,E)NAXE) = Bz, X)))

(2.12) & VaeVX(IE(F(X,E)NAXE)) = VEB(z, X))

(2.13) (z and X are parametric variables being bound, and by (1) of (2.2))
(2.14) & Ve (IXIE(F(X,E)NAXE)) = VXVE B(x, X))

(2.15) & Fx3IXIE(F(X,E)NAXE)) = VeVAVE B(x, X)

(2.16) & 3IXIE(F(X,E)NAXE)) = VaVX Bz, X)

(2.17) (xin Jx X 3IE(F(X,E) NA(X,E)) and

(2.18) € in Ve VX VE B(x, X) are dummy variables being bound)

(2.19) Ve VX B(x, X)

(2.20) & VzVXINVn>N (x € X(n))

(2.21) & VzVXINVn(n>N = z < X(n))

(2.22) & FIXVN3In(n>N) = VaVXINVn(z € X(n))

(223) & VYN3In(n>N) = VaVXVn(x € X(n)).

Now let us assume that 3 Vm (Y (m) € @). Since for any =,

TEW & r EWwAVAVE(F(X,E)NAXE) = B(x, X)),
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(2.24) Y Vm (Y(m) € @)

(2.25) < FYVm(Y(m) € w AVXVE(F(X,E)NAX,E) = B(Y(m),X)))
(2.26) < Y (Ym(Y(m) € w) A VmMVXVE(F(X,E) N A(X,E) = B(Y(m),X)))
(2.27) = IYVm(Y(m) € w) A IVMVYAVE(F(X,E) NA(X,E) = B(Y(m), X))

(2.28) AVVYMVXVE (F(X,E) NAX,E) = B(Y(m), X))

(2.29) & IVVMVX (IE(F(X,E) ANA(X,E)) = VE B(Y(m), X))

(2.30) < 3V (IM3IXIE (F(X,E) AAX,E)) = YmVXVE B(Y(m), X))
(2.31) & VYImIXIE(F(X,E) ANAX,E)) = TYVmVXVE B(Y(m), X),

in which

(2.32) IV Vm YA VE B(Y(m), X)

(2.33) o JYVYmVAVEINVYR>N(Y(m) € X(n))

(2.34) & FYVmMVXVEINVYn(n>N = Y(m) e X(n))

(2.35) < IYYmVXINVYn(n>N = Y(m)e€ X(n))

(2.36) < VYYImIXVNIn(n>N) = IYVmVXINVn(Y(m) e X(n))
(2.37) < VYN3In(n>N)= 3FYVmVXV¥n(Y(m) € X(n)).

Then for some Y (which is introduced by the Lemma (2.1)), we can let X be ),
and so we have

(2.38) YN3an(n>N) = VmVn (Y(m) € Y(n))

( < VN3Im3In(n>N) = INYmVYn(Y(m) € Y(n))

(240) & 3IAINVYVmVYn(n>N = Y(m) € Y(n))

( = m>N = Y(m) € Y(m) for some foregoing N and any m with n=m
(2.42) (by YneN3Im (m =n) A Ym3IneN (n = m)),

which is a contradiction because Y(m) ¢ Y(m) for such a Y and every m € dom(}),
and so the assumption cannot hold. By the Law of Excluded Middle, if ZF is
consistent then we have (2.1).
NB: Assuming 3Y Vm (Y(m) €

)

by (2.35) - (2.37) and (2.38) —(2.40) we have for
some Y, Vm3INVn>N(Y(m (n))

w),
€ Y(n)) & INYmYn>N(Y(m) € Y(n)). O

From (2.1), and by
(2.43) (1) ~(FzQ(z)) = Vo (= Q(2)),

we have
(2.44) = (3YVm (Y(m) e ®)) & VY (- (YVm(Y(m) € ®)))
(2.45) < YYIm(=Y(m) € w)

(2.46) s YYImQ(m) & o).
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Lemma 2.2. Let Y be the variable function such that Y — oo where
dom(Y) =N and ran(y) C w,

and let m be the variable object such that m € dom(Y). Then

(2.47) S (YYVm (Y(m) € @)).

Proof. Assume that VY Vm (J(m) € @) . Similar to (2.24)—(2.37), we have

VN3n(n>N) = YVYVmVXVn(Y(m) € X(n)).

Then for any of the foregoing Vs, we can let X be ), and so we obtain:

VYN3n(n>N) = VmV¥n(Y(m) € Y(n)).

By (2.38)—(2.42), there is a contradiction in it. Therefore the assumption cannot
hold, and so by the Law of Excluded Middle we have (2.47). O

From (2.47), by (2) of (2.43), we have
(2.48) = (YVYVm (Y(m) e w)) < V(= (¥Ym(Y(m) € @)))
(2.49) < FYIm(=Y(m) €w)
(2.50) < 3YIm(Y(m) € @).

In addition, by (1.1)—(1.5) and (2.43), we can obtain
(2.51) (1) Y Im(Y(m) € @);

(2) =(3YVm (Y(m) & @)).

Combining the results with (2.43) we obtain
(2.52) FYIm(Y(m) ew) < —(YYVm(Y(m) ¢ w));
(2.53) = (YVm (Y(m) ¢w)) & vVY3Im(Y(m)€w).

Thus, if Y is the variable function such that ) — oo where dom()) = N and
ran()) C w, and m is the variable object such that m € dom()’), then each of the
following cannot hold.

(2.54) (1) Y Vm (Y(m) € @);
(2) YYVm (Y(m) € @);
(3) YVm (Y(m) ¢ ©);
(4) VYVm (Y(m) ¢ &

)
By (1.1)—(1.3), Y(m) € w holds for any of the foregoing Vs and any m € dom(}),
and so by (2.1) and (

Theorem 2.1.
(2.55) W # w.
By (1.5) and (2.55), we clearly have w—@ # @ and w—® # w.
Theorem 2.2.
(2.56) VacwiOcw(a € O).
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Proof. By (1.1)—(1.4), for any a,

(257) a€@ © acwAVXVE(F(X,E)NAX,E) = Bla,X))
(2.58) = a€wAIXINIn>N(X(n)cw A ae X(n))
(2.59) = JXINIn>N(a€e wAX(n) Ew A a€ X(n))
(2.60) (because o is a parametric variable being bound and
(2.61) by the property that ¢ A JxS(z) = Jx(¢ A S(x)))
(2.62) = OO cwAAacH)

(2.63) & JOcw(a e ).

Or, put more briefly, for any «,

(264) acw = acw

(2.65) & ac€ Uw

(2.66) & d0(aeB® NOcew)

(2.67) & JOcw(aeO).

Hence we have (2.56). O
Theorem 2.3.

(2.68) - (VOew (O C @)).

Proof. Assume that VO ew (© C @). Since for any «,
(269) acw < aEUw

(2.70) & Jd0(aeB ANOew)
(2.71) = JO(ae€O® ANBOCk)
(2.72) = a€w,

we have w C @. And by (1.5), we would have @ = w, which is contradictory with
(2.55). Thus we have (2.68). O

From (2.68), by (2) of (2.43), we have
(2.713) - (VOew (@ Cw)) < FOcw(~(O Cw))
(2.74) & J0cw (O ¢ w).
Compare @ with w:
(2.75) Va(acw = FO(a €O N O €w));
(2.76) Va(ocew & FJO(a€e O N O cw)).

Theorem 2.4.

(2.77) supw = Uw = Q.

Proof. Firstly, for any «,

(2.78) aelJw

(2.79) & F(aed Adew)

(2.80) & W(aeIANVewAVXVE(F(X,E)NAXE) = B9, X)))
(2.81) & (ae¥ Ndew A aed ANVXVE (F(X,E)NA(X,E) = B(Y,X)))
(2.82) = acwA T (aed NVXVE(F(X,E)NAX,E) = BW,AX))),
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where for any X, &, if F(X,&) and A(X, &) hold then we have for any ¢ € @,
2.83) B9, X)

(

(2.84) = 3INVn>N (¢ € X(n))

(2.85) = INVn(n>N = 9ecX(n))

(2.86) = VN3In(n>N) = INVn(d € X(n))

(2.87) = VYN3In(n>N) = Vn(d € X(n))

(2.88) = VN3In(n>N) = Vn(¥ C X(n))

(2.89) = VN3In(n>N) = YnV (el = B X(n))
(290) = INVAVB(n>N = (Bed = e X(n))),

and therefore

(2.91) W (xed AN VXVE(F(X,E)NAX,E) = B(9,X)))
(2.92) = VXVE(F(X,E)NAX,E) = Bla,X));

hence we have

(293) aclJo = acwAVXVE(F(X,E)NAX,E) = B(o, X))
(2.94) = a€w.

Then it follows that

(2.95) Ue ca

Secondly, by (1.2)—(1.4), for any o € & we have

(2.96) VX'VE (F(X',E)NAX,E) = B(a, X))

(297) & VX'VE(F(X',E)YNAX',E) = INVYR>N (a € X'(n))
(2.98) & VX'VE(F(X',EYNAWX',E) = INVn(n >N = ac X'(n)),

&
&

and so for any such function X’ with some N there is some N, > N such that
(2.99) a € X'(N,).

Since N, € N and 0 < X'(N,) € w, by (1.2) and (1.3), for any X" with some £”
we have 3M = £"(X'(Ny))Vn>M (X"(n) > X'(Na)) if F(X",€") and A(X",€")
hold, and so for any such X" there is some M such that

(2.100) Vn>M (X' (Ny) € X"(n));

thus by (1.4), we have X'(N,) € @. Therefore

(2.101) VaewIew (a € V),

that is, w has no the maximal element, and hence

(2.102) supw = | Ja.

Combining (2.95) with (2.102), it follows that (2.77). O

Since & # @ is a set of finite ordinals, | J@ is an ordinal. Rather oddly enough,
by (2.77) and (2.55), @ = |J@ is exactly a limit ordinal, as distinguished from the
limit ordinal w, and thus we have
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Corollary 2.1.
(2.103) (1) Va(aew < T (acd AIew));
(2) Vaew(a C®);
(3) Let P(@) be the power set of ©. Then & CP(®), i.e., Vaew (aeP()).

In particular, U C w is cofinal in w if supU = w, and supw = @ # w, hence the
set @ cannot be cofinal in w, i.e., cof (w,@) does not hold. This also shows that in
ZF the limit of a sequence based on (1.2) and (1.3) will be fundamentally different
than the limit of a sequence based on the Axiom of Infinity. However, the natural
question to ask is, whether @ € w or not. Obviously, from (1.1) it follows that

Theorem 2.5.

(2.104) W ¢ w.
Theorem 2.6.

(2.105) @ is infinite but is D-finite.

Proof. On the one hand, by (2.101), there is no a one-to-one mapping of @ onto a
natural number, that is, @ is infinite.

On the other hand, if we let T be an arbitrary proper subset of @w, then T C @
and T # @, and thus T C [J@. Obviously, |JT and |J@ are ordinals, and we
have:

(1) f YT # J, then since | Jw = @ is a limit ordinal and |JT C @, |J T is not
a limit ordinal, and so T has the maximal element; hence there is no a one-to-one
mapping of @ onto such a proper subset T of @.

(2) T =Uw, then |UT = @ is a limit ordinal. Now we let Z — oo be such
that dom(Z) = N and ran(Z) = w, and let m be a variable such that m € dom(Z).
By (2.46) and (2.74), there is some m such that Z(m) € w and Z(m) ¢ @, and so if
we let M be the smallest such m, then Z(9M) € w A Z(IM) € @, and by (1.2) —(1.4)
and (2.77), we have @ = {Z(m) € w : m € dom(Z) A m < M}, where M € N
will be large enough, at least not less than any a € @; thus @ has 9T — 1 elements
even though 20 is uncertain. Assume that there exists a one-to-one mapping of @
onto the proper subset T of @ where T C @ and |JT = @. Then since there is at
least one i € w such that Z(9M — i) ¢ T, T has at most M — 2 elements, and so
M —1 =M — 2, that is, 1 = 2, a contradiction; hence there is no a one-to-one
mapping of @ onto the proper subset T of @.

In a word, there is no a one-to-one mapping of w onto a proper subset of w, that
is, @ is Dedekind-finite (D-finite). O

Since @ is infinite, if we consider U = {s C @ : s is finite}, then it follows that ©
is Tarski-infinite (T-infinite). By (2.105), @ is not just T-infinite, but also D-finite;
hence it does not satisfy the Axiom of Choice. This result would not be inconsistent
in ZF, because one cannot prove that every D-finite set is finite without the Axiom
of Choice.[4]

By ZF, it is common knowledge that |w| = w = wg = Vg and |a| = « for every
a < w. Now we consider the cardinality || of @, we first notice that if for any
ordinal o, 3 such that 8 < « and || = |/, there exists an ordinal number 3y € B+
such that cof (o, By) holds. Since cof (w, @) does not hold, we have |@| # |w|.
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Theorem 2.7.
(2.106) Joew(a < @] < |w)).

Proof. On the one hand, by (2.77), @ is transitive and has no maximal element,
and so by (2) of (2.103) Vacw (o < |©|) holds. And by (1.4), we have

(2.107) Jocw (a < |@]).

On the other hand, by (1.5), we have |@| < |w|. Assume that |©| = |w|. Then
there exists a one-to-one mapping of w onto w. Let h be a one-to-one mapping of
w onto w such that h(a) = ¥. Then we have a one-to-one mapping 2« — 29 of
the proper subset {2 : @ € w} of w onto the proper subset {29 : ¥ € @} of @.
Since the mapping a — 2a of w onto {2« : « € w} is also one-to-one, we have
{29 : ¥ € @}| = |@|. However, this is impossible since |@| is D-finite. Therefore,

(2.108) o] < Jw].

By (2.107) and (2.108), we have (2.106). O
Theorem 2.8.

(2.109) 2%l < ).

Proof. By the Power Set and Separation Axioms, we let P(@) = {s: s C @},
Pp(w) ={s € P(w) : |s| <|w| A sis D-finite}

and Pey,(w) = {s € P(w) : |s| < |w|}. Since P(w) C Pp(w) (by (2.105)—(2.108))
and Pp(w) C Pew, (w), we have

(2.110) P < [Pewo (w)-

Subsequently, let us consider the cardinality of P, (w). Given a § € Pey, (w),
we construct a function ¢s : w — {0, 1} such that ps(i) = a;, where a; =1ifi € S,
and a; = 0 otherwise; hence

S={icew:Z(S) ewNi <I(S) Nps(i) = 1}.
If rs = azs)az(sy-1---ai...azaiag such that
I(S)ewNn0<i<I(S)Aa;€{0,1},
then
rs €w A rs =ps(Z(8)ps(Z(S) —1)...05(i) ... ps(2)ps(1)es(0),
and so for every Su, Sg € Peyy (W),
Sa# Sp if and only if rs, # rs,.

It is clear that there is a one-to-one mapping of P, (w) into w. Thus

(2.111) | Peoo ()] < ).
Then, since |P(@)| = 2/“I, by (2.110) and (2.111) we have (2.109). O
Theorem 2.9.

(2112) (1) cf (@) = [@];

(2) Wl = w;.
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Proof. (1) Here we let |w| = @. By (2.106), we can consider the cofinality of
|o]. Let 8 < w be a finite ordinal such that cof (J@|, 8) holds. Then there exists an
ordinal number $3; such that 8 = ;", and there is a function v such that cof (||, 3)
holds. Let a7 € |@| be such that (1) = a1. Then there is an ordinal number
ag € || such that ay < ag, and thus there is an ordinal number 82 € 8 such that
¥(B2) = as. However, it is impossible since 83 < £1 and v is strictly monotonically
increasing. Hence we only have 8 = |@|, i.e., cof (|©], |@|) and cf (J&|) = |@|.

(2) By (2.106), there is some a < w such that w‘lal < w‘f" and wlf)l < w‘f"‘, and

. «@ w
since w|1 ' = w; and w|1 = wg® - wy = 2*°, we have

(2.113) wy < wl®l < 2%,

By (2.106) and (2.109), we clearly have || < w; and 2/*! = |@|I*l < |w|, and since
wy is a regular and successor cardinal, by the Hausdorff formula and the cardinal
arithmetic we have

(2.114) w‘fv‘ = w,ljwl-wl
(2.115) = (Y Jal)
a<wo
(2.116) = 29wy wn
(2.117) < wp - wp W
(2.118) = w.
Combining (2.113) and (2.114) — (2.118), we conclude that w‘lwl = w; holds. O

It is peculiar that there exists the infinite subset @ of the countable w that is
not countable but is D-finite and can asymptotically converge to the countable w.
This will not lead to contradiction under ZF unless ZF is inconsistent.

3. FORCING METHOD AND ZF WITH @

Theorem 3.1. IfZF is consistent, then w and w are indistinguishable in the forcing
method.

Proof. By (2.106) and (2.112), it is clear that |®@| < wy, cf (J©|) = |©| and wlltﬂl =wi.
Thereby, we let P be the set of all functions p such that
(3.1) (i) dom(p) is a finite subset of wy X @,
(ii) ran(p) C {0,1},
and let p be stronger than ¢ if and only if p D gq.
Then the sets D¢, = {p € P: <{,n> € dom(p)} are dense in P. Let
@Z{'Dg,nlfewl/\nea}.
By Martin’s Axiom MAy,, there exists a ®-generic filter on P.
If G is a generic set of conditions, we let f =JG. We claim that
(3.2) (i) f is a function;
(ii) dom(f) = wy x @.
Part (i) of (3.2) holds because G is a filter. For part (ii), G is a ®-generic filter on

P hence G meets each set in ©, and so <&, n> € dom(f) for all <€, n>¢€ wy X w.
Now, for each § < wy, let fe : @ — {0,1} be the function defined as follows:

fe(n) = f(&n).
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If £ # (, then fe¢ # fc; this is because the set

D={pe P:p(¢n) # p(¢,n) for some n}

is dense in P and hence GND # @. Thus in V[G] we have a one-to-one mapping
€ — fe of wy into {0,1}%.

Since each f¢ is the characteristic function of a set ag C @, there is a generic
extension V[G] such that

(3.3) 2% > .
But by (2.109), and using the Cantor’s Theorem, there can be only
0] < 2%l < wp and 291 > |w| = wy,

which is contradictory with the conclusion (3.3). Hence, either ZF is inconsistent,
or @w and w are indistinguishable in the forcing method. (]

Thus, if we believe that the method of forcing must be a perfect method, then
ZF seems to be precisely inconsistent. “Apropos of the open question of consistency
Poincaré remarked, ‘We have put a fence around the herd to protect it from the
wolves but we do not know whether some wolves were not already within the
fence.”’[2]

And in ZF, the set w claims that the natural numbers will certainly belong to
it to Infinity, but the set w claims that the natural numbers must not belong to it
to Infinity. Just as, in geometry, the projective line claims that the points would
lie in it at Infinity, but the Euclidean line claims that the points cannot lie in it
at Infinity. Of course, if the infinite w can be considered as a set, then its subclass
w is exactly the T-infinite and D-finite set asymptotic to it, and this means that
w will never be able to reach w. In any case, @ is indeed a set that differs from w
by ZF, otherwise ZF is inconsistent. So we have to be very, very careful when the
extrapolations from finiteness to infiniteness are considered.

4. CONCLUDING REMARKS

By ZF, @ is a non-empty proper subset of w and it is asymptotic with respect
to w. If ZF is consistent, then the axioms of ZF and the fact that there exists the
set w are also consistent; otherwise, ZF itself is inconsistent. Meanwhile, If ZF is
consistent, then w and @ are exactly indistinguishable in the forcing method, and
thus the description power of the forcing method is inadequate for ZF; conversely,
if the forcing method does not try to discriminate between w and w, then it would
be inconsistent with ZF. Therefore, some related problems such as the consistency
of ZF, the adequacy of the forcing method and CH independent of ZF, are needed
to further study in ZF + @ # w (i.e. ZF U {w # w}), although @ # w is merely an
inference of ZF. But first, a very basic question is, what happens if the fields of the
functions of (1.2) and (1.3) are w;y?

In particular, there exists the T-infinite and D-finite subset @ of w that can
not be put into one-to-one correspondence with a finite ordinal and can not be
put into one-to-one correspondence with the infinite w under ZF; nevertheless, the
cardinality of such a set @ is merely a measurement of the boundary of all finite
ordinals, and hence there are no cardinals between the D-finite and the countable.
In other words, there is an infinite set between the finite and the countable but it is



A PECULIAR SUBSET OF THE SMALLEST INDUCTIVE SET 11

unable to transcend all D-finite sets until the countable. Isn’t that extraordinary?
What if the set of all real numbers is also in a similar state of subsets?

Problem 1: Is there an infinite set of real numbers that could not be put into
one-to-one correspondence with the natural numbers and could not be put into
one-to-one correspondence with the real numbers?[3]

Problem 2: Is it the case that there are no cardinals between the countable and
the continuum?[5]

By analogy with the case of @, on the Problem 1 it should follow that ~CH
holds, but on the Problem 2 it should follow that CH holds. Thus the Problem 1
and the Problem 2 would not be equivalent to one another in ZF, are they so?
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