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ABSTRACT

Study of dislocations is very important in material science because it helps us to predict the me-
chanical behavior of metals in the plastic regime. In past studies, scientists and researchers have
shown the analytic solutions of stress field in the case of infinite and semi-infinite medium. In this
article, we study the stress field of a single screw dislocation in a finite thickness plate considering
the presence of image or virtual dislocations. The solution is verified against known or expected
results.
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Introduction

Numerous research has been conducted based on dislocation theory ! to characterize material prop-
erties. Using the concept of dislocation in materials, Koehler? explained the plastic deformation
of materials. Hull and Bacon?® as well as Weertman and Weertman' described the stress field of
a positive screw dislocation in an infinite material. This stress field solution is not applicable to a
finite plate which has traction-free surfaces.

In this article, we ensure the surfaces in a dislocated plate are traction-free by adding fictitious or
virtual image dislocations on both sides of the plate. We formulate the coordinates of the image
dislocations and use their stress field as a correcting term to be added to the infinite-material so-
lution. Such superposition ensures zero traction on the free surfaces and therefore represent the
correct stress solution at any material point in the plate. The image dislocations are added incre-
mentally till an infinite number of them. Results are presented showing how the correct superposed
solution differ in behavior and quantitatively from the infinite-material solution. Results are also
shown for solution verification.



Theory/Solution Development
We know in linear elasticity*, the ij-th component of the small strain tensor is given by,

1 8u1 auj
6”_§<6j +E) M

and Hooke’s law for isotropic material,
Uij = A (eacac + eyy + Bzz) 5@‘ + QGBZ‘]‘ (2)

where i = x,y, 2z, j = ,y, z and A\, G are Lamé constant.
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Figure 1: Screw dislocation (schematic) shown in Cartesian and Cylindrical coordinate system.
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From fig. 1 we see there is no deformation along z, y direction i.e. u, = 0, u, = 0 and u, =
2 tan~!(y/z). Now from eq. (1) we write,

€z = Cyy = €2z = €y = Eygp = 0 (33)
by
zz — €z — T 3b
‘ ‘ A z? + y? 3b)
b =z
R o
(3d)

No from egs. (2) and (3) we can write,

Ope = Oyy = Oz = Ogy = Oy = 0 (4a)
Gb
pr = 0up = 2Gey, = 2Ge,y = ——— 2 (4b)
21 2% 4 32
Gb
Oy: = 04y = 2Gey, = 2Ge,, = ° (4c)

o 22 + 2



Equation (4) expresses the stress field in the presence of a positive screw dislocation at the origin.
We rewrite eq. (4b) as
G(b) Y

21 ((x—D.)+ (y— D,)?)

&)

Ogz = Ozp = —

where, (D,, D,) are the coordinates of the dislocation. We set our origin at the positive dislocation
§o meaning the coordinates (D,, D,)) = (0,0) for §, and (x, y) are the coordinates of any point P
in the thin plate. See fig. 2.

Now the stress on surface 1 (z = —a) due to §j is,

. _ GOy
Ogz = Ozp = 7@ (6)
and on surface 2 (x = d — a) is
G(b) y
2m ((d—a)* +y?)

(7

Ogz = Oz = —

Surfaces 1 and 2 should be traction free surfaces, i.e. 0., 04, and o,, should be zero at these
surfaces.
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Figure 2: Positive screw dislocation on a thin plate

Surface 2

From eq. (4a) we find 0, = 0,, = 0 and in eq. (4b) 0,, = 0., # 0 on the free surfaces
where y # 0. But we see 0,, and o, should be zero to satisfy the condition of traction free
surface. To ensure surfaces 1 and 2 to be traction free (i.e. 0,, = 0,, = 0) we add two fictitious
negative dislocations ¢, at a distance a from surface 1 (outward) and ¢, at a distance d — a from
surface 2 (outward) so the net stress would be zero on the surfaces. Note that the symbol ¢ is
used to represent negative screw dislocations and the symbol § is used to represent positive screw
dislocations. Now the total stress on surface 1 due to dislocations §; and ¢, is

. __Gw y _G(=h) Y
vz 2z 21 ((—a)2 + 12) 21 ((—a — (—2a))? + y?)
Gb vy Gb y ®)

(@) 2 (@t
=0



Similarly the total stress on surface 2 due to dislocations §, and g, is

o o - GO y _ G(=b) y
v = 27 ((d —a)? + y?) 27 ((d—a—2(d—a))®>+y?)
_ G y n Gb Y ©)
2 ((d—a)? +y?) 27 ((d—a)?+y?)

=0

But dislocation ¢, causes stress on surface 2 and g, on surface 1. Now the total stress 0., on surface
1 due to §g, ¢; and g,

o o _G(b) Yy B G(-0b) Yy B G(-b) Y
o 2r ((—a)?+y?)  2m ((ma—(=20)*+y?) 27 ((-a—2(d—a))+y?)
Gb vy Gb vy Gb Yy
T (@) 2 (@) 2m (24 0P + 1)
_ Gb Y
T 21 ((—2d + )2+ 4?)
(10)
Similarly the total stress on surface 2 due to dislocations §y, ¢; and 3, is
. __GW y _ G(-D) y _G(=h) Y
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Again we can see the stress 0, # 0 on the surfaces. So we again add two positive dislocations §3
at a distance 2d — a from surface 1 (outward) and §, at a distance d + a from surface 2 (outward) so
the net stress would be zero on the surfaces. Now the total stress on surface 1 due to dislocations

80, 81, 82 and §3 is

Cor= O = Y o y
T T 2 ((2d—a)2+y?) 271 ((—a— (—2d))? + y?)
_Gb y _Gb y (12)
2m ((2d —a)2 +y?) 27 ((2d — a)? + y?)
=0
Similarly the total stress on surface 2 due to dislocations §g, 8,, 3, and §; is
Cor = Op= o ¥ G y
T T oar (d+a)2+y?) 27 ((d—a) — 2d)% + y?)
_Gb Y Gb Y (13)
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=0
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Figure 3: Locations of image dislocations

Again dislocation §3 causes stress on surface 2 and §, on surface 1. Now the total stress o, on
surface 1 due to §g, 8;, 85, §3 and §, is

Opy = 0oy = —@ id
zz — Vzx — or (—CL - 2d)2 + y2) (14)
__Gb Y
27 ((2d+ a)? +17?)
Similarly the total stress on surface 2 due to dislocations 8§y, 8;, 85, §3 and §, is
Gb Y
Ogz = Ozp = — 75—
2 ((d—a) — (-20)7 +¥) )
Gb Yy

27 (3d —a)* +4?)

Again we can see the stress 0,, # 0 on the surfaces. So we again add two negative dislocations g
at a distance 2d + a from surface 1 (outward) and g, at a distance 3d — a from surface 2 (outward)



so the net stress would be zero on the surfaces. Now the total stress on surface 1 due to dislocations
§07 §1a §2’ §3’ §4 and 55 iS

. Gb Y G(=b) y
T T T on (@At o+ ) 21 ((—a— (—2d—2a))2 + y?)
_ Gb y LG y (16)
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=0

Similarly the total stress on surface 2 due to dislocations §g, 3;, 85, §3, §4 and g is

v = O = T (Bd—aP +47) 27 ([d—a) — (4d—2a))° + 1)
ab Y Gb Y (17

27 (Bd—aP +7) | 27 ((3d—a)’ + 4?)
=0

Again dislocation 35 causes stress on surface 2 and 34 on surface 1. Now the total stress o, on
surface 1 due to §o, 31, 35, 83, 84, 35 and gy is

_ G y
Ogz = Ozp = —
27 (—a —2(2d —a))? + y?) (18)
_Gb y
27 ((4d+a)? +y?)
Similarly the total stress on surface 2 due to dislocations §g, 8, 85, §3, 84, 35 and 3 is
__ G y
Ogz = Ozp — —
27 ((d—a) —2(—=d —a))*+ y?)
(19)
_ Gb Yy

T 27 ((3d + a)? + ?)
We can see a trend in the position of the image dislocations and that is

D‘gi = —2(di + a) + 2d, 2(di — a) and D‘§i = F2di

where, ¢ = 1,2,...00. This is how we can rewrite eq. (5) considering all the image dislocations
as,

Goy [ 1 1 1 1 1

Ogz = Oz = — -
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We can write the above equations as the summation of infinite series as

Opz = Ogg = —% . a ﬁ: { 1 * : B
ve T s 2r |22 +y? =\ {o+2di—d+a)}’ +y2  {v—2(di—a)}’ + 12
1 _ 1
(x+2di)2 +y2 (v —2di)? + y2

(22)

o — s _Gb x _ﬁ:{ r+2(di—d+a) N r—2di—a)

vz Yooom a2 42 — {z+2(di—d+a)y +12 {z—2(di—a)} +12
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(23)

where N should be co.

Solution Verification

Equations (22) and (23) have infinite series summation but in practice we summed up to N = 10°
to get stress 0., = 0., < G x 107'? on the either surface. Figure 4 shows the maximum o, /G
value on either surface, i.e. the global surface maxima, versus V.

In figs. 5 and 6, we show the stress field over the finite plate with and without incorporating the
image dislocations placing a positive dislocation at 0.1d from surface 1. As we see, in fig. 5(left)
where the image dislocations are not incorporated (i.e. stress calculated using eq. (4b)) the o,
stress is not zero on either surface. But in fig. 5(right) 0., is essentially zero (< G x 107'?) on
the either surface where image dislocations are incorporated in the stress calculation (i.e. stress
calculated using eq. (22)). We also show the o, stress plotted over the finite plate in fig. 6 (image
dislocations incorporated or not). In fig. 7(a-b) we show the stress o, along y = 4b and y = 100.
As can be seen for a positive dislocation, the difference between the stresses calculated using egs.
(4b) and (22) is more on the surface near to the dislocation and it diminishes as the dislocation
moves far from the surface which is quite intuitive. Equations (4b) and (22) should produce same
stress for a point far from the dislocation. We show similar picture for stress o, in fig. 7(c-d).
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Figure 4: Solution convergence plot with N.

0.1 0.1
0.05 0.05
- .
=
Lo. 0 . 0
<
-0.05 ' -0.05
-0.1 -0.1
-0.5 0 0.5 -0.5 0 0.5
y(b)/d y(b)/d

Figure 5: Contour plots of 0., /G. Positive dislocation §; at 0.1d away from top surface. The figure
on the right is showing the effect of image dislocations on the stress field
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Figure 6: Contour plots of 0., /G Positive dislocation §; at 0.1d away from top surface. The figure
on the right is showing the effect of image dislocations on the stress field
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Figure 8: Stress o, on the surfaces when positive dislocation § is at 0.1d away from top surface
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Finally, in fig. 8 we show the stress o, on the free surfaces calculated using eqs. (4b) and (22)
what confirms that we achieve the traction free surfaces when consider the image dislocations on
either side of the plate.

Conclusion

The analytic formulation of stress field for infinite and semi-infinite medium do not satisfy the
boundary conditions for the case of a finite medium. In this article, we have introduced the for-
mulation of the stress field over a thin plate in the presence of image dislocations. Moreover, we
have shown how the image dislocations are distributed. With the distributed image dislocations,
we have confirmed the condition of traction-free surfaces using line and contour plots.
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