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Abstract. There are several statements equivalent to the famous Rie-
mann hypothesis. In 2011, Solé and and Planat stated that the Rie-

mann hypothesis is true if and only if the inequality Hq<qn (1 + %) >
e
€(2)
shev function, v ~ 0.57721 is the Euler-Mascheroni constant and ¢(z) is

the Riemann zeta function. Using this result, we create a new criterion
for the Riemann hypothesis. We prove the Riemann hypothesis is true
using this new criterion.

-log 0(gr) is satisfied for all primes ¢, > 3, where 0(z) is the Cheby-
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1 Introduction

Leonhard Euler studied the following value of the Riemann zeta function (1734).
Proposition 1. It is known that(1, (1) pp. 1070]:
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where qi is the kth prime number (We also use the notation g, to denote the
nth prime number).

The Riemann hypothesis is a conjecture that the Riemann zeta function has its
zeros only at the negative even integers and complex numbers with real part %
In mathematics, the Chebyshev function 6(x) is given by

0(x) =Y logg

q<z

with the sum extending over all prime numbers ¢ that are less than or equal to
x, where log is the natural logarithm. We know the following property for the
Chebyshev function and the nth prime number:

Proposition 2. Forn > 2 [3, Theorem 1.1 pp. 2J:

0(qn) o (1 1 loglogn
log gny1 — logn ~ 4-log’n’
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Proposition 3. Forn > 8602 [6, Theorem B (1.11) pp. 219]:
gn < n - (logn + loglogn — 0.9385).

In number theory, ¥(n) = n - Hq‘n (1 + %) is called the Dedekind ¥ function,
where ¢ | n means the prime ¢ divides n. We say that Dedekind(g,) holds pro-

vided that

H (1+1) > i'logtﬁ)(q )

q<qn q C(Q)
The constant v =~ 0.57721 is the Euler-Mascheroni constant. The importance of
this inequality is:
Proposition 4. Dedekind(g,,) holds for all prime numbers q, > 3 if and only if
the Riemann hypothesis is true [9, Theorem 4.2 pp. 5].

We define H = v — B such that B ~ 0.2614972128 is the Meissel-Mertens
constant [7, (17.) pp. 54]. We know the following formula:

Proposition 5. We have that [2, Lemma 2.1 (1) pp. 359]:

i <1og(qkqf1)—1) —~y-B=H.

1 gk

The following property is based on natural logarithm function:

Proposition 6. [5, pp. 1]. For x > —1:
log(l+z) < x.

Putting all together yields a proof for the Riemann hypothesis using the Cheby-
shev function.

2 Central Lemma

Lemma 1. For two real numbers y > x > e:

1
v oy
z logx

Proof. We have y = x + ¢ for € > 0. We obtain that
logy  log(z +¢)

logz  logz
log (z- (14 £))
- log x
logx +log(1+ £)
- log
log(1 + £)
log x
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and

We need to show that

which is equivalent to

(14 5mz) < (1+3)

using the Proposition 6. For > e, we have

3

€
- > .
r x-logx

In conclusion, the inequality
1
y _ logy
x  logx

holds on condition that y > = > e. ad

3 What if the Riemann hypothesis were false?

Theorem 1. If the Riemann hypothesis is false, then there are infinitely many
prime numbers g, such that Dedekind(g,,) does not hold.

Proof. The Riemann hypothesis is false, if there exists some natural number
xo > 5 such that g(zp) > 1 or equivalent log g(z¢) > 0:

o(z) = %) -logQ(x)-ql;[x (1+ (1])_1.

We know the bound [9, Theorem 4.2 pp. 5]:

log g(x) > log f(x) —

where f was introduced in the Nicolas paper [8, Theorem 3 pp. 376]:
1
f(z)=¢"-logh(z) - (1 - ) .

When the Riemann hypothesis is false, then there exists a real number b <
for which there are infinitely many natural numbers = such that log f(z)

|| NI
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2, (x7°) [8, Theorem 3 (c) pp. 376]. According to the Hardy and Littlewood
definition, this would mean that

3k > 0,¥yo € N, 3y € N (y > yo): log f(y) > k-y".

That inequality is equivalent to log f(y) > (k cyb. \/;U) . ﬁ, but we note that

lim (k~y*b-\/§):oo

Y—>00

for every possible positive value of £ when b < % In this way, this implies that

1
Vyo € N,Jy € N (y > yo): log f(y) = 7

Hence, if the Riemann hypothesis is false, then there are infinitely many natural

numbers z such that log f(x) > ﬁ Since 2 = 0(%), then it would be infinitely

many natural numbers xg such that log g(z¢) > 0. In addition, if log g(xz¢) > 0
for some natural number zy > 5, then logg(zg) = logg(g,) where g, is the
greatest prime number such that ¢, < zg. Actually,

() ~I()

q<xzo q<qn

and
0(zo) = 6(qn)

according to the definition of the Chebyshev function. ad

4 A Key Theorem

Theorem 2.
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Proof. We obtain that

2
i G — 1
o 2
i
= log( ))—H
;( (g —1)
&0 2
i
= 1 _—
;(Og(@kwwn))
_ S 4k dk _
_Z(log(k_l)-i-l (Qk+1)) H
k=1
> (1o %)~ os( ) ) <
— ar. ar.
— qk 1 ) S < qk 1 >
= lo —log(l+—) ) — lo —
;(g<qk_1> a1+ 50) = (sl %) -
— K 4k 1
= 1 —log(l+ —) — + =
;(Og(qk—l) og(1+ ) ~log( 2 + o)
(1
= Z ( —log(1 + ))
=\ .
by Propositions 1 and 5. ad

5 A New Criterion

Theorem 3. Dedekind(g,) holds if and only if the inequality

/1 1
E ( - (X{x: w>qn}(Qk)) : IOg(l + )) > B + log IOge(Qn)
1 \dk qk

is satisfied for the prime number q,, where the set S = {x : x > q,} contains
all the prime numbers greater than g, and xgs is the characteristic function of
the set S (This is the function defined by xs(z) =1 when x € S and xs(z) =0
otherwise).

Proof. When Dedekind(g,,) holds, we apply the logarithm to the both sides of
the inequality:

log(C(2)) + Y Tog(1+ ) > 7 +loglog ()

q<gn

log(¢(2)) — H + z log(1 + é) > B+ loglog 6(qy)

q<qn
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> /1 1 1
——1lo 1—|—)+ log(1+ —) > B +loglogf(q,
Z(qk s+ 1)) + 3 log1+ ) glog0(q,)

k=1 q<qn

after of using the Theorem 2. Let’s distribute the elements of the inequality to
obtain that

(1 1
5 (2 = (e oy (@) o1+ 1)) > B+ loglog(a,)
i1 \dk dk
when Dedekind(g,,) holds. The same happens in the reverse implication. O

6 The Main Insight

Theorem 4. The Riemann hypothesis is true if the inequality
1
log(1 + q—) + loglog 6(q,) > loglog 6(qn+1)
18 satisfied for all sufficiently large prime numbers q,, where m = Lﬁj and

|...] is the floor function.

Proof. The inequality

<. /1 1
3 ( (e e (a0)) - log(1 + >) - B+ loglog 0(qn)
=\ ak a

is satisfied when

= /1 1
> ( = (X{z: 2243 (qx)) - log(1 + )) > B + loglog 6(qy)
N QW

is also satisfied, where the set S’ = {x : x > ¢,,} contains all the prime numbers
greater than or equal to ¢, (Note that S # S’ for large enough n). In the
inequality

/1 1
> ( — (X{a: 22q,) (ar)) - log(1+ )) > B+ loglog 0(y)
=\ ‘s

only change the values of
1
log(1 + q7) + loglog 0(qy)
and
loglog 6(gn+1)
between the consecutive primes ¢, and ¢,+1. It is enough to show that

1
log(1 + ?) + loglog 0(qy,) > loglog 0(gn+1)

m
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for all sufficiently large prime numbers ¢,. Indeed, the inequality

=1 1
> ( = (X{o: 2>¢m}(ak)) - log(1 + )) > B +loglog 0(gn)
— \ak qr

is the same as

gk

kX::l <qk - (X{:v: :qu(m_H)}(qk)) log(1 + )>

1
> B+ loglog 0(qn+1) + log(1 + q—) + loglog 6(qn) — loglog 6(qn+1)
m
where ¢, and ¢,1 are consecutive primes. From the previous inequality, we note
that if
1
log(1 + q—) + loglog 8(q,) — loglog 8(gn+1) >0

m

is satisfied, then

=1 1
> < = (X{@: 2>g(msny 3 (@r)) - 1og(1 + )> > B +loglog 0(gn+1)
— \ak ar

is also satisfied which means that Dedekind(g,+1) holds for large enough n ac-
cording to the Theorem 3. Therefore, if the inequality

1
log(1 + ?) +loglog 6(g,) — loglog 6(gn+1) > 0

m

is always satisfied starting for some large enough natural number ng, (i.e. it is
always satisfied for n > ng), then we obtain that Dedekind(g,+1) always holds for
n > ng. However, this contradicts the fact that if the Riemann hypothesis is false,
then there are infinitely many prime numbers g¢,4; for which Dedekind(gy,+1)
does not hold when n > ny. We obtain this contradiction as a consequence of
the Theorem 1. By reductio ad absurdum, we have that the Riemann hypothesis
is true when
log(1 + qi) + loglog 6(gy,,) > loglog 0(gn+1)
m

is satisfied for all sufficiently large prime numbers ¢,. In fact, we only need to
guarantee the existence of at least one large enough prime ¢,, where the inequality

< /1 1
> ( = (X{a: 2>¢,n} (qx)) - log(1 + )) > B+ loglog (qy)
1 \dk dk

holds precisely for n > ng, such that we assume that Dedekind(g(;,_1)) holds and
the prime g, implies that 6(g,) < ¢, —C- /gy, -logloglog ¢, < 8(q(y—1)) [4]. O
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7 The Main Theorem

Theorem 5. The Riemann hypothesis is true.

Proof. The Riemann hypothesis is true when
1
log(1 + q—) + loglog 6(qn) > loglog 0(gn+1)

is satisfied for all sufficiently large prime numbers ¢, because of the Theorem 4.
That is the same as

1 log 0(gn+1)
log(1 4+ —) > log (
( Qm) log 0(qn)
after making the distribution. We would only need to prove that

1
log(1 + (T) > loglog 0/(gn+1) — loglog 0(qn)

1+ i > IOge(QnJrl)

Gm — logf(qn)
when we apply the exponentiation to the both sides. That is satisfied when

1 g(qn+1)
1+ — >
an — 0(qn)

since
1Og9(Qn+1) < 9(Qn+1)
log 0(qn) 0(qn)

by Lemma 1. By properties of the Chebyshev function, we have

1 log(qn+1)
1+ qm =1t G(Qn)
which is
g < )
log(gn+1)
We know that
e O
log(qn+1)
holds when
1. 1ngn.(log(4 ) logzn)+loglog($)—0.9385) < n'(l_lo;n m)

also holds by Propositions 2 and 3, where ﬁ > m. That would be equal to
(log(%) + log log(%) —0.9385) < (4-log?n —4-logn + loglogn)
4-log”n 4-log”n

which is trivially true for all sufficiently large prime numbers ¢,,. Consequently,
we prove that the Riemann hypothesis is true. a
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8 Conclusions

Practical uses of the Riemann hypothesis include many propositions that are
known to be true under the Riemann hypothesis and some that can be shown
to be equivalent to the Riemann hypothesis. Indeed, the Riemann hypothesis is
closely related to various mathematical topics such as the distribution of primes,
the growth of arithmetic functions, the Lindel6f hypothesis, the Large Prime
Gap Conjecture, etc. Certainly, a proof of the Riemann hypothesis could spur
considerable advances in many mathematical areas, such as number theory and
pure mathematics in general.

Acknowledgments

The author would like to thank Patrick Solé and Michel Planat for their support.

References

1. Ayoub, R.: Euler and the zeta function. The American Mathematical Monthly
81(10), 1067-1086 (1974). https://doi.org/10.2307/2319041

2. Choie, Y., Lichiardopol, N., Moree, P., Solé, P.: On Robin’s criterion for the Riemann
hypothesis. Journal de Théorie des Nombres de Bordeaux 19(2), 357-372 (2007).
https://doi.org/10.5802/jtnb.591

3. Ghosh, A.: An asymptotic formula for the Chebyshev theta function.
Notes on Number Theory and Discrete Mathematics 25(4), 1-7 (2019).
https://doi.org/10.7546 /nntdm.2019.25.4.1-7

4. Ingham, A.E.: The distribution of prime numbers. No. 30, Cambridge University
Press (1990)

5. Kozma, L.: Useful Inequalities. http://www.lkozma.net/inequalities_cheat_sheet/
ineq.pdf (2023), Accessed 7 June 2023

6. Massias, J.P., Robin, G.: Bornes effectives pour certaines fonctions concernant les
nombres premiers. Journal de Théorie des Nombres de Bordeaux 8(1), 215-242
(1996)

7. Mertens, F.: Ein Beitrag zur analytischen Zahlentheorie. J. reine angew. Math.
1874(78), 4662 (1874). https://doi.org/10.1515/crll.1874.78.46

8. Nicolas, J.L.: Petites valeurs de la fonction d’Euler. Journal of number theory 17(3),
375-388 (1983). https://doi.org/10.1016,/0022-314X(83)90055-0

9. Solé, P., Planat, M.: Extreme values of the Dedekind 1 function. Journal of Com-
binatorics and Number Theory 3(1), 33-38 (2011)



