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1 Introduction

The notion of an effect algebra was presented by Foulis and Bennett in (Foulis, Bennett, [3]
1994). The definition was motivated by giving an algebraic description of a logic of quantum
effects E(H), i.e. the set of all positive self-adjoint operators between zero and identity operator
I in a separable complex Hilbert space H. On E(H) was defined a partial operation A ⊕ B =
A + B iff A + B ≤ I with meaning of an orthogonal disjunction. Quantum effects in studies of
quantum mechanics correspond to yes-no measurements that may be unsharp. An equivalent
structure called D-poset has been introduced by Kôpka and Chovanec ([7] 1992, [6] 1994).

Definition 1 ([3]). A partial algebra (E;⊕, 0, 1) is called an effect algebra if 0, 1 ∈ E are two
distinguished elements and ⊕ is a partially defined binary operation on E which satisfy the
following conditions for any x, y, z ∈ E:

(Ei) x⊕ y = y ⊕ x if x⊕ y is defined,

(Eii) (x⊕ y)⊕ z = x⊕ (y ⊕ z) if one side is defined,

(Eiii) for every x ∈ E there exists a unique y ∈ E such that x⊕ y = 1 (we put x′ = y),

(Eiv) if 1⊕ x is defined then x = 0.

In every effect algebra E a relation ≤ can be defined by

(PO) x ≤ y iff x⊕ z is defined and x⊕ z = y for any x, y, z ∈ E.

Then ≤ is a partial order on E.

Definition 2. Let (E;⊕, 0E , 1E) be an effect algebra and ω : E → [0, 1] ⊆ R be a map such
that ω(1E) = 1 and ω(x⊕ y) = ω(x) + ω(y) whenever x⊕ y is defined. Then we call ω a state
on E. A set M of states on E is called an ordering set of states if for any x, y ∈ E condition
x ≤ y iff ω(x) ≤ ω(y) for all ω ∈M is satisfied.
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Assume that (E;⊕, 0, 1) is an effect algebra possessing an ordering setM = {ω : E → [0, 1] |
ω is a state on E} of states on E. Let l2(M) = {(xω)ω∈M | xω ∈ C,

∑
ω∈M |xω|2 < ∞} be a

complex Hilbert space with the usual inner product 〈(xω)ω∈M, (yω)ω∈M〉 =
∑

ω∈M xω · yω.
In [9] it was proved that: Every effect algebra (E;⊕, 0, 1) with ordering set M of states on

E can be EA-embedded into the Hilbert space effect algebra E(l2(M)) = [0, I]B+(l2(M)). We
call this embedding a Hilbert space effect-representation of E and E is called Hilbert space
effect-representable.

It is well known that for every poset (P,≤) there exists a Dedekind-MacNeille completion
MC(P ), that is a complete lattice in which can P be order densely embedded. For the case of
effect algebras, as partially ordered sets with respect to induced partial order, it may happened
that for an effect algebra E a partial sum ⊕̂ cannot be defined in MC(E) in the way that its
restriction on E coincide with partial sum ⊕ on E (see [8]). Whenever such partial operation
⊕̂ exists on MC(E), we call Ê = (MC(E); ⊕̂, 0, 1) an effect algebraic MacNeille completion
(shortly EA-MacNeille completion).

We consider the problem for an effect algebra E which has an effect algebraic MacNeille
completion Ê and has a Hilbert space representation in E(l2(M)) as well, in which cases we
can represent Ê in the same Hilbert space operator effect algebra E(l2(M)). That is when the
ordering set M of states on E can be be extended to an ordering set M̂ of states on Ê, hence

|M| =
∣∣∣M̂∣∣∣ and E(l2(M)) = E(l2(M̂)).

2 Hilbert space effect-representation of an effect algebra
and its EA-MacNeille completion

The following theorem states, that if extension of the system of the states on EA-MacNeille
completion exists, than it preserves the ordering property.

Theorem 1. [5] Assume that (E;⊕, 0, 1) is an effect algebra possessing an ordering set M of
states on E. Further let E has an EA-MacNeille completion Ê = (MC(E), ⊕̂, 0, 1) and let E
be identified with ϕ(E), where ϕ : E → Ê is supremum and infimum dense effect algebraic
embedding of E into Ê. Let for every state ω ∈M there exists an extension to a state ω̂ on Ê.

Then M̂ = {ω̂ | ω̂ is a state on Ê, ω̂|E = ω ∈M} is an ordering set of states on Ê.

Corollary 1. [5] Under the assumptions of Theorem 1 on effect algebra (E;⊕, 0, 1) and its
EA-MacNeille completion Ê = (MC(E), ⊕̂, 0, 1), the following conditions are satisfied:

(i) Effect algebras E and Ê are Hilbert space effect-representable.

(ii) l2(M) = l2(M̂) and E and its EA-MacNeille completion Ê can be both embedded into

E(l2(M̂)) = [0, I]l2(M̂).

(iii) ϕ(Ê) is an EA-MacNeille completion of ϕ(E) where ϕ : Ê → E(l2(M̂)) is the EA-
embedding in (ii) and ϕ(E) ⊆ ϕ(Ê).

Elements of an effect algebra (E;⊕, 0, 1) are called compatible (we write a ↔ b) if there
exists a1, c, b1 ∈ E such that a1 ⊕ c ⊕ b1 is defined in E and a = a1 ⊕ c, b = b1 ⊕ c. A lattice
effect algebra E with a↔ b for all a, b ∈ E is called an MV-effect algebra and can be organized
into an MV-algebra.

Theorem 2. [5] Let E be an Archimedean MV-effect algebra and M be an ordering set of
(o)-continuous states on E. Then
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(i) Every state ω ∈ M can be extended to a state ω̂ on the EA-MacNeille completion Ê of
E.

(ii) M̂ = {ω̂ | ω̂ is a state on Ê, ω̂|E = ω ∈M} is an ordering set of states on Ê.

Corollary 2. [5] Every Archimedean MV-effect algebra E and its EA-MacNeille completion
Ê have Hilbert space effect-representations in the same Hilbert space l2(M̂) where M̂ is an
ordering set of states on Ê extending states form E.

2.1 Atomic lattice effect algebras

Theorem 3. [5] Let (E;⊕, 0, 1) be an (o)-continuous Archimedean atomic lattice effect algebra
with an ordering set M of (o)-continuous states. Let E has an EA-MacNeille completion Ê.
Then

(i) To every ω ∈M there exists a unique (o)-continuous state ω̂ on Ê such that ω̂|E = ω.

(ii) M̂ = {ω̂ | ω̂ is a state on Ê, ω̂|E = ω ∈M} is an ordering set of states on Ê.

(iii) Both effect algebras E and Ê have the Hilbert space effect-representations in l2(M) =
l2(M̂).

Theorem 4. [5] An Archimedean atomic distributive effect algebra (E;⊕, 0, 1) has a Hilbert
space effect-representation if and only if (E;⊕, 0, 1) is an MV-effect algebra if and only if
(E;⊕, 0, 1) is isomorphic to a sub-direct product of finite chains.

A lattice effect algebra (E;⊕, 0, 1) is called modular if and only if E as a poset is a modular
lattice.

Theorem 5. [5] An Archimedean atomic modular lattice effect algebra (E;⊕, 0, 1) which is iso-
morphic to a sub-direct product of finite chains and modular diamonds as well as its MacNeille
completion are Hilbert space effect-representable effect algebras.
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